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STABLE PAIR INVARIANTS FOR K3 GERBES AND HIGHER RANK
S-DUALITY CONJECTURE FOR K3 SURFACES
YUNFENG JIANG ANDHSIAN-HUA TSENG
ABSTRACT. We generalize the multiple cover formula of Y. Toda (proved by Maulik-
Thomas) for counting invariants for semistable coherent sheaves on local K3 surfaces
to semistable twisted sheaves over twisted local K3 surfaces. As applications we
calculate the SU(r)/Zr-Vafa-Witten invariants for K3 surfaces for any rank r defined
by Jiang for the Langlands dual group SU(r)/Zr of the gauge group SU(r). We
generalize and prove the S-duality conjecture of Vafa-Witten of K3 surfaces for
all higher ranks based on the result of Tanaka-Thomas on the SU(r)-Vafa-Witten
invariants.
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1. INTRODUCTION
The main goal of this paper is to prove the S-duality conjecture of Vafa-Witten in
any higher rank r for K3 surfaces. We calculate the SU(r)/Zr-Vafa-Witten invariants
defined in [28] and prove the S-duality conjecture of Vafa-Witten in [67] comparing
with the S-transformation formula of Tanaka-Thomas’s partition function for the
SU(r)-Vafa-Witten invariants in [57]. The main difficulty is a twisted version of
Toda’s multiple cover formula for the counting invariants of semistable twisted
sheaves on a local twisted K3 surface, which we prove in this paper.
We first briefly review the S-duality conjecture of N = 4 supersymmetric Yang-
Mills theory on a real 4-manifold M [67]. More details can be found in [67]. The
theory involves coupling constants θ, g combined as
τ :=
θ
2π
+
4πi
g2
.
The S-duality conjecture predicts that the transformation τ Ñ ´ 1τ maps the partition
function for gauge group G to the partition function with Langlands dual gauge
group LG. Vafa-Witten [67] considered a 4-manifold M underlying a smooth
projective surface S over C and the gauge group G = SU(r). The Langlands
dual group is L SU(r) = SU(r)/Zr . We make these transformations more precise
following [67, §3]. Think τ as the parameter of the upper half plane H. Let
Γ0(4) Ă SL(2,Z) be the subgroup
Γ0(4) =
"(
a b
c d
)
P SL(2,Z) : 4|c
*
.
The group Γ0(4) acts on H by
τ ÞÑ aτ + b
cτ+ d
.
The group SL(2,Z) is generated by transformations
S =
(
0 ´1
1 0
)
; T =
(
1 1
0 1
)
.
From [67], invariance under T is the assertion that physics is periodic in θwith period
2π, and S is equivalent at θ = 0 to the transformation g
2
4π ÞÑ ( g
2
4π )
´1 originally
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proposed by Montonen and Olive [47]. One can check that T(τ) = τ + 1, and
S(τ) = ´ 1τ .
For a smooth projective surface S, let Z(S, SU(r); τ) = Z(S, SU(r); q) be the
partition function which counts the invariants of instanton moduli spaces, where
we let
q = e2πiτ.
Similarly let Z(S, SU(r)/Zr ; τ) be the partition function which counts the invariants
of SU(r)/Zr-instanton moduli spaces. As pointed out in [67, §3], when some
vanishing theorem holds, the invariants count the Euler characteristic of instanton
moduli spaces. We have the S-duality conjecture proposed in [67], and reviewed in
[28]:
Conjecture 1.1. The transformation T acts on Z(S, SU(r); q), and the S-transformation
sends
(1.0.1) Z
(
S, SU(r);´1
τ
)
= ˘r´ χ2
(τ
i
)ω
2
Z(S, SU(r)/Zr ; τ).
for some ω, where χ := χ(S) is the topological Euler number of S.
Usually ω = χ. This is Formula (3.18) in [67]. In mathematics we think of
Z(S, SU(r); τ) = Z(S, SU(r); q) as the partition function which counts the invariants
of moduli space of vector bundles or Higgs bundles on S. Then the S-duality
conjecture predicts that T4 acts on the SU(r)/Zr-theory to itself; and ST4S =(
1 0
4 1
)
will map the SU(r)-theory to itself. Note that Γ0(4) = xT, ST4Sy is
generated by T, ST4S. In the case of a spinmanifold, we get the subgroup of SL(2,Z)
generated by S and ST2S, which is the group
Γ0(2) =
"(
a b
c d
)
P SL(2,Z) : 2|c
*
.
Therefore if the S-duality conjecture holds, the partition function Z(S, SU(r); τ) =
Z(S, SU(r); q) is a modular form with modular group Γ0(4) or Γ0(2) if M is a spin
manifold.
In [67, §4], Vafa-Witten made a prediction that the S-duality holds for the cases K3
surface and P2 in rank two. In the case of K3 surfaces Vafa-Witten [67] also gave a
formula for the partition function for the SU(r)-invariants for prime rank r, and this
formula is proved by Tanaka-Thomas in [57] by calculating the SU(r)-Vafa-Witten
invariants. In [28] the first author provides a rigorous mathematical definition of
twisted Vafa-Witten invariants and uses them to define the Langlands dual gauge
group SU(r)/Zr-Vafa-Witten invariants and prove the S-duality conjecture for P2
in rank two and K3 surfaces in all prime ranks. To the author’s knowledge, there
is no formula for the SU(r)/Zr-invariants for K3 surfaces in the literature for non
prime rank r. In this paper we calculate the formula for the SU(r)/Zr-Vafa-Witten
invariants for K3 surfaces for general rank r. Thus what we did here is actually
beyond physicists’s prediction.
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1.1. S-duality conjecture using twisted Vafa-Witten invariants. In [56], [57], [60],
Tanaka-Thomas have developed a theory for the gauge group SU(r)-Vafa-Witten
invariants for smooth projective surfaces S. Tanaka-Thomas have defined the Vafa-
Witten invariants on the moduli spaces of semistable Higgs pairs (E, φ) where E is
a torsion free sheaf of rank r, and φ : E Ñ Eb KS is a section called the Higgs field.
For the moduli spaces
N s := MsS(r, L, c2)
of stable Higgs sheaves on S with fixed topological data (r, L, c2), Tanaka-Thomas
have constructed a symmetric obstruction theory on N s and defined the invariants
using virtual localization of [11] since the moduli space is not compact and admits
a C˚-action. The invariants are denoted by VW(S), and is called the SU(r)-Vafa-
Witten invariants. There are another invariants vw(S) defined as the weighted Euler
characteristic using the Behrend function on N s. In general these two invariants are
not the same, but they are equal for K3 surfaces, see [45].
Tanaka-Thomas [57] also defined the Vafa-Witten invariants VW(S) and vw(S) for
counting strictly semistable Higgs sheaves using Joyce-Song’s stable pair techniques
[32]. The invariants vw(S) are defined using Joyce-Song’s method of wall-crossing,
and for general surfaces the invariants VW(S) are defined by conjectures. [45]
proved that VW(S) and vw(S) are the same invariants for K3 surfaces. We use the
notations VW(S) and vw(S) to represent the Vafa-Witten invariants for counting
semistable Higgs sheaves as in [57]. In [57, Theorem 1.7] Tanaka-Thomas calculated
the partition function of the Vafa-Witten invariants VW(S) for K3 surfaces with any
rank r and fixed determinant O.
S-duality equation (1.0.1) implies that one has to consider the Vafa-Witten
invariants for the gauge group SU(r)/Zr , which is the Langlands dual of SU(r).
In mathematics the theory for the dual group SU(r)/Zr is the moduli space or stack
of PGLr-bundles or Higgs sheaves. In [28], the first author has developed a theory
of twisted Vafa-Witten theory using twisted sheaves and twisted Higgs sheaves on a
surface S. The moduli stack is constructed on a cyclic µr-gerbe over a smooth surface
S and the twisted sheaves and Higgs sheaves are twisted by the gerbe. Basic notion
of µr-gerbes can be found in [36]. If a µr-gerbe
SÑ S
is optimal, which means that its corresponding Brauer class in the cohomological
Brauer group H2(S,O˚S)tor is of order r, then in [43], Lieblich showed that there is a
cover morphism from the moduli stack of stable twisted sheaves on S to the moduli
stack of PGLr-bundles. AHiggs bundle version of this result has been proved in [29].
Therefore it is promising to using moduli stack of twisted Higgs sheaves to attack
the S-duality conjecture.
In [28], the first author defined the moduli stack
N tw,s := N tw,sS (r, L, c2)
of stable twisted Higgs sheaves (E, φ) on a µr-gerbe S Ñ S with fixed c = (r, L, c2),
where E is a torsion free twisted sheaf of rank r and φ : E Ñ E b KS is a section
still called the Higgs field. Then similar to Tanaka-Thomas [56], there is a symmetric
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obstruction theory on N tw,s. [28] has defined two twisted Vafa-Witten invariants
VWtwS (c) and vw
tw
S (c), where the first is defined using virtual localization and the
second is defined using the Behrend function as the weighted Euler characteristic.
They are called the SU(r)/Zr-Vafa-Witten invariants.
[28] also constructed the generalized twisted Vafa-Witten invariants VWtwS (c) and
vwtwS (c) for counting semistable twisted Higgs sheaves (E, φ). The method is the
same as in [57] using the Joyce-Song techniques [32]. More details can be found in
[28, §5]. We use VWtwS (c) and vw
tw
S (c) to represent the generalized twisted Vafa-
Witten invariants. The first invariants VWtwS (c) are defined by conjectures, see [28,
Conjecture 5.10]; and the second vwtwS (c) are defined using Joyce-Song wall crossing
formula. In general they are not equal. In this paper we prove that they are the same
invariants for K3 gerbes. Thus we prove Conjecture 5.10 in [28] for the K3 gerbes.
The method we use is similar to [45] for the K3 case, where we use a cyclic gerbe
version of Oberdieck’s theorem in [50] which we prove in §3. We also need to relate
the Oberdieck invariants to Behrend function which we do in §4.
In [28], the first author has made the following conjectures using the twisted Vafa-
Witten invariants for all µr-gerbes on a surface S. Before we define the SU(r)/Zr-
Vafa-Witten invariants, we make a remark that if in the µr-gerbe S Ñ S, r = 1, then
S is just the surface S. Then the invariants VWtw(S), vwtw(S) we defined are just
the Vafa-Witten invariants VW(S), vw(S) defined in [56], [57].
Let S be a smooth projective surface.
Definition 1.2. Fix an r P Zą0, for any µr-gerbe p : Sg Ñ S corresponding to g P
H2(S, µr), let L P Pic(Sg) and let
Zr,L(Sg, q) :=
ÿ
c2
VWtw(r,L,c2)(Sg)q
c2
be the generating function of the twisted Vafa-Witten invariants.
Let us fix a line bundle L P Pic(S), and define for any essentially trivial µr-gerbeSg Ñ S
corresponding to the line bundle Lg P Pic(S), Lg := p˚Lb Lg; for all the other µr-gerbe
Sg Ñ S, keep the same Lg = p˚L. Also for L P Pic(S), let L P H2(S, µr) be the image
under the morphism H1(S,O˚S) Ñ H2(S, µr).
We define
Zr,L(S, SU(r)/Zr ; q) :=
ÿ
gPH2(S,µr)
e
2πig¨L
r Zr,Lg(Sg, q).
We call it the partition function of SU(r)/Zr-Vafa-Witten invariants. This is parallel to the
physics conjecture in [35, (5.22)].
Conjecture 1.3. For a smooth projective surface S, the partition function of SU(r)-Vafa-
Witten invariants
Zr,L(S, SU(r); q) =
ÿ
c2
VW(r,L,c2)(S)q
c2
and the partition function of SU(r)/Zr-Vafa-Witten invariants Zr,L(S, SU(r)/Zr ; q)
satisfy the S-duality conjecture in equation (1.0.1).
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In [28, Theorem 1.8] we prove Conjecture 1.3 for projective plane in rank two; and
in [28, Theorem 1.11] and [28, Theorem 6.38] we prove conjectural equation (1.0.1)
for K3 surfaces first in rank two and then in prime ranks. In this paper we generalize
and prove this conjecture for any rank r for K3 surfaces.
1.2. Twisted multiple cover formula. The method to prove Conjecture 1.3 and S-
duality conjecture for K3 surface S in prime rank r is as follows. For each element
g P H2(S, µr), which classifies all the µr-gerbes over S, if g ‰ 0, let Sopt Ñ S be an
optimal µr-gerbe, then we define
Zr,O(Sg; q) :=
ÿ
c2
VWtwSg(r,O, c2)q
c2 .
Let Zr,O(S, ; q) be the Tanaka-Thomas partition function of the Vafa-Witten invariants
for S. Then define:
Z1r,O(S, SU(r)/Zr ; q) := Zr,0(q) +
ÿ
0‰gPH2(S,µr)
r´1ÿ
m=0
eπi
r´1
r mg
2
Zr,O(Sopt, (e
2πim
r )r ¨ q)
where Zr,O(Sopt, (e
2πim
r )r ¨ q) is a variation of the partition function Zr,O(Sopt, q). We
calculate:
Z1(S, SU(r)/Zr ; q) =
1
r2
qrG(qr) + qr
(
r21G(q
1
r ) + r10
(
r´1ÿ
m=1
G
(
e
2πim
r q
1
r
)))
which exactly matches the physics prediction in [35], see [28, Theorem 6.38]. Here
G(q) := η(q)´24 and η(q) is the Dedekind eta function.
For any higher rank r so that r is not a prime number, the partition function
Zr,O(S; q) of Tanaka-Thomas’s Vafa-Witten invariants VWr,0,c2(S) was calculated
using Toda’s multiple cover formula for the counting invariants for semistable
coherent sheaves on local K3 surface
X := SˆC,
see [45, Corollary 6.8, 6.10], [62, Conjecture 1.3]. This is because the Vafa-Witten
invariants counting semistable Higgs sheaves on S are the invariants counting
torsion two-dimensional sheaves on the local K3 surface X. For the Langlands dual
group SU(r)/Zr , in the prime rank r case, any twisted Higgs sheaf (E, φ) of rank r on
an optimal µr-gerbe Sopt Ñ S is automatically stable, since counting rank r twisted
sheaves on Sopt is the non-commutative analogue of Picard scheme on a Azumaya
algebra A over S corresponding to the optimal µr-gerbe Sopt Ñ S. Thus in prime
rank r case there is no need for the multiple cover formula for the twisted sheaves
on optimal µr-gerbes Sopt.
But to get the higher rank SU(r)/Zr-Vafa-Witten invariants, we need a multiple
cover formula for the counting invariants of semistable twisted sheaves on the local
optimal K3 gerbe
X := SoptˆC.
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Let S be a smooth projective K3 surface. Let g P H2(S, µr) and the order |g| = oopt|r.
An optimal µoopt-gerbeSopt Ñ S on S determines a nontrivial Brauer class ϕ(Sopt) =
α P H2(S,O˚S)tor through the exact sequence
¨ ¨ ¨ Ñ H1(S,O˚S) Ñ H2(S, µr)
ϕÝÑ H2(S,O˚S) Ñ ¨ ¨ ¨
induced by the short exact sequence:
1Ñ µr Ñ O˚S
(¨)rÝÑ O˚S Ñ 1.
The cohomology H2(S,O˚S)tor is, by definition, the cohomological Brauer group
Br1(S), and from de Jong’s theorem [10] the Brauer group Br(S) = Br1(S). We call
(S, α),
a K3 surface S together with a Brauer class α P Br1(S) a twisted K3 surface as in [17].
We also call the optimal gerbe Sopt Ñ S a twisted K3 surface since its class in Br1(S)
is α. We always use these two notions. The twisted Mukai vectors were constructed
in [20] and [70]. Let Coh(S, α) or Cohtw(Sopt) be the category of twisted sheaves on
a twisted K3 surface.
Let Xopt := Sopt ˆ C which is the local K3 gerbe. It is an optimal µoopt-gerbe
over X = S ˆ C and its class in H2(X, µr) – H2(S, µr) is also given by α. We let
Coh(X, α) or Cohtw(Xopt) be the category of twisted sheaves on a local twisted K3
surface (X, α). Let H(AtwXopt) be the Hall algebra of the category A
tw
Xopt
= Cohtw(Xopt)
as in [8], [32]. We use the geometric stability in [41] for twisted sheaves and the
moduli stack construction therein. Let Γ0 := Z‘NS(S)‘Q. Then there is a virtual
indecomposable element
ǫω,Xopt(v) :=
ÿ
ℓě1,v1+¨¨¨+vℓ=v,viPΓ0
pω,vi=pω,v(m)
(´1)ℓ ´ 1
ℓ
δω,Xopt(v1) ‹ ¨ ¨ ¨ ‹ δω,Xopt(vℓ)
where pω,vi(m) is the reduced geometric Hilbert polynomial, and
δω,Xopt(v) := [Mω,Xopt(v) ãÑ xM(Xopt)] P H(AtwXopt)
is an element in the Hall algebra. Here ω P NS(S) is an ample divisor,Mω,Xopt(v) ãÑxM(Xopt) is the moduli stack of semistable twisted sheaves with Mukai vector v, andxM(Xopt) is the stack of coherent twisted sheaves on Xopt. Then the invariants J(v)
is defined by the Poincare´ polynomial of ǫω,Xopt(v), see Definition 6.15. We prove a
multiple cover formula for the invariants J(v).
Theorem 1.4. (Proposition 6.22) We have
J(v) =
ÿ
kě1;k|v
1
k2
χ(Hilbxv/k,v/ky+1(S))
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The method to prove Theorem 1.4 is as follows. In [62], Toda actually defines
the counting invariants Nn,β for the rank zero semistable sheave on a K3 surface S.
[64] has proved a wall crossing formula of of Pandharipande-Thomas stable pair
invariants [51] PT(X) for any Calabi-Yau threefold X in terms of the invariants Nn,β
and some limit stable invariants Ln,β, see (5.1.4). We prove Toda’s wall-crossing
formula for µr-gerbes XÑ X over a Calabi-Yau threefold X.
In [62], Toda uses wall crossing formula of weak stability conditions on the derived
category of coherent sheaves on a local K3 surface X = S ˆC to conjecture a wall
crossing formula for the stable pair invariants PT(X) in terms of the Gopakumar-
Vafa invariants, see (5.2.2). Then Toda shows that for a local K3 surface X, these two
formula are equivalent if the multiple cover formula
(1.2.1) Nn,β =
ÿ
kě1;k|v
1
k2
n
β/k
0
holds, where n
β/k
0 are the genus zero Gopakumar-Vafa invariants. This conjectural
formula (1.2.1) is proved in [45], where Maulik-Thomas prove the multiple cover
formula for K3 surfaces using KKV formula for K3 surfaces [52].
Now for a twisted K3 surface (S, α), and a local twisted K3 surface (X = SˆC, α),
we prove that the counting invariants Nn,β for these one dimensional sheaves keep
the same as for trivial µoopt-gerbe S0, and the all the counting invariants for trivial
µoopt-gerbe S0 are the same as the K3 surface S. Then we still have the multiple
cover formula (1.2.1). The invariants Nn,β keep the same for the optimal µoopt-gerbe
Sopt Ñ S and Xopt Ñ X. Then we prove a similar result as in [62, Theorem 1.2]
for the twisted sheaves on Sopt and Xopt, which we call the twisted Hodge isometry
theorem, see Corollary 6.21. Therefore we get the multiple cover formula in Theorem
1.4.
1.3. Higher rank S-duality for K3 surfaces. In this section we provide a calculation
for the higher rank S-duality conjecture for K3 surfaces. For a K3 surface S, the
twisted Vafa-Witten invariants VWtwv (Sopt) = vw
tw
v (Sopt) for any optimal µoopt-
gerbe Sopt Ñ S are the invariants J(v) with the Mukai vector v. In general the
invariants vwtwv (Sopt) are the Joyce-Song invariants JS
tw
v (Sopt) defined by the same
element ǫω,Xopt(v) but with the Behrend function on themoduli stack
xM(Xopt). Since
from [57, Proposition 5.9], on the C˚-fixed Higgs sheaves, the Behrend function is
always ´1 (the proof works for twisted Higgs pairs), the invariants J(v) are the
same as the Joyce-Song invariants. Therefore we can use the multiple cover formula
in Theorem 1.4 to calculate the partition function for the higher rank twisted Vafa-
Witten invariants. We have the following results.
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Let S be a smooth projective K3 surface. From [57, Theorem 1.7], the rank r
partition function of the Vafa-Witten invariants VW(S) was calculated as:
Zr,O(S, SU(r); q) =
ÿ
c2
VWr,0,c2(S)q
c2
(1.3.1)
=
ÿ
e|r
e
r2
qr
e´1ÿ
m=0
G
(
e
2πim
e q
r
e2
)
= qr ¨ 1
r2
¨G(r ¨ τ) +
ÿ
e|r
e‰1
e
r2
qr
(
G(
rτ
e2
) +
e´1ÿ
m=1
G
(
m+ reτ
e
))
.
Now using the formula in [35, Formula A.4], (note that there are some typos in the
formula) we calculate after the S-transformation τ ÞÑ ´ 1τ ,
(1.3.2)
G(r ¨ τ) ÞÑ τ´12r12 ¨G(τr );
G( r
e2
¨ τ) ÞÑ τ´12
(
r
e2
)12 ¨ G( e2r τ);
G
( r
eτ+m
e
)
ÞÑ τ´12
(
d
d
)12 ¨ G( dτ
doopt
+ dsd¨oopt
)
;
where in the third formula above we have:
1 ď s ă oopt; d := gcd(m, e); d = r
e
and s satisfies
s ¨ m
d
” ´1 mod ( e
d
)
and we let oopt :=
e
d . We calculate that for all the m’s satisfying 1 ď m ď e ´ 1 and
d = gcd(m, e), if d = 1, then dsd¨oopt will take all the values
s
e with gcd(s, e) = 1; and if
d ą 1, then dsd¨oopt will take all the values with gcd(ds, e) = d, i.e., s takes all the values
in [1, oopt´ 1].
Therefore after the S-transformation τ ÞÑ ´ 1τ , Zr,O(S, SU(r); q) becomes:
qr ¨ 1
r2
¨
[
τ´12r12 ¨ G
(τ
r
) ]
+
ÿ
e|r
e‰1
[ e
r2
qr ¨ τ´12
( r
e2
)12
¨G
(
e2
r
τ
)
+
ÿ
m|(m,e)=1
e
r2
qr ¨ τ´12d12 ¨G
(τ
r
+
e´m
e
)
+
ÿ
m|(m,e)=dą1
e
r2
qr ¨ τ´12
(
d
d
)12
¨G
(
dτ
doopt
+
dsm
d ¨ oopt
)]
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where sm is the corresponding s in (1.3.2). We may write it in more detail:
qr ¨ 1
r2
¨
[
τ´12r12 ¨ G
(τ
r
) ]
+
ÿ
e|r
e‰1,e‰r
[ e
r2
qr ¨ τ´12
( r
e2
)12 ¨G( e2
r
τ
)
+
ÿ
m|(m,e)=1
e
r2
qr ¨ τ´12d12 ¨G
(τ
r
+
e´m
e
)
+
ÿ
m|(m,e)=dą1
e
r2
qr ¨ τ´12
(
d
d
)12
¨G
(
dτ
doopt
+
dsm
d ¨ oopt
)]
+
[1
r
qr ¨ τ´12
(
1
r
)12
¨ G (rτ) +
ÿ
m|(m,r)=1
1
r
qr ¨ τ´12 ¨ G
(τ
r
+
r´m
r
)
+
ÿ
m|(m,r)=dą1
1
r
qr ¨ τ´12
(
1
d
)12
¨G
(
dτ
oopt
+
sm
oopt
)
So from conjectural equation (1.0.1), we modify here a bit, and let oopt|r in the
above formula represent the order of the group element in H2(S, µr) = Z22r , and in
the S-duality conjecture this represents the group SU(oopt)/Zoopt , we multiply o
11
opt.
In the terms involving m such that (m, e) = d ą 1, we multiply ( e
d
)11, and for all the
other terms wemultiply r11. We have the predicted formula for Z1r,O(S, SU(r)/Zr ; q):
(we use the notation Z1r,O(S, SU(r)/Zr ; q) in order to distinguish from the partition
function Zr,O(S, SU(r)/Zr ; q) defined by all µr-gerbes later.)
Z
1
r,O(S, SU(r)/Zr ; q) =
(1.3.3)
[
qr ¨ r21 ¨ G
(
q
1
r
) ]
+
ÿ
e|r
e‰1,e‰r
[
qr ¨
(
r21
e21
)
¨ 1
e2
¨G
(
q
e2
r
)
+
ÿ
m|(m,e)=1
qr ¨ r10 ¨G
(
e2πi
e´m
e q
1
r
)
+
ÿ
m|(m,e)=dą1
e=d¨oopt
qr ¨ o10opt ¨
1
d2
¨ 1
d
¨ G
(
e
2πi soopt q
d
d¨oopt
) ]
+
[
qr ¨ 1
r2
G(qr) +
ÿ
m|(m,r)=1
qr ¨ r10 ¨ G
(
e2πi
r´m
r q
1
r
)
+
ÿ
m|(m,r)=dą1
qr ¨
( r
d
)10
¨ 1
d2
¨G
(
e
2πi soopt q
r
o2opt
)
Note that if d ¨ e = r, then d2r = re2 . We write further (combining the left three terms
involving q
1
r ) for (1.3.3):
Z
1
r,O(S, SU(r)/Zr ; q) =
[
qr ¨ 1
r2
G(qr)
]
+ qr ¨ r21 ¨G(q 1r ) + qr ¨ r10 ¨
r´1ÿ
m=1
G
(
e2πi
m
r ¨ q 1r
)(1.3.4)
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+
ÿ
d|r
d‰1,d‰r
[
qr ¨
(
r21
d21
)
¨ 1
d2
¨G
(
q
r
o2opt
) ]
+
ÿ
e|r
e‰1,e‰r
[ ÿ
m|(m,e)=dą1
qr ¨ o10opt ¨
1
d2
¨ 1
d
¨ G
(
e
2πi soopt q
d
d¨oopt
) ]
+
ÿ
m|(m,r)=dą1
qr ¨
( r
d
)10
¨ 1
d2
¨ G
(
e
2πi soopt q
r
o2opt
)
where in
ř
d|r
d‰1,d‰r
qr ¨
(
r21
d21
)
¨ 1
d2
¨ G
(
q
r
o2opt
)
we count all d ¨ oopt = r.
Remark 1.5. If r is a prime number, then we have e = 1 or r, we calculate after the S-
transformation τ ÞÑ ´ 1τ ,
G(r ¨ τ) ÞÑ τ´12r12 ¨ G(τr );
G(1r ¨ τ) ÞÑ τ´12
(
1
r
)12 ¨G(rτ);
G
(
τ+m
r
) ÞÑ τ´12 ¨ G ( τ+hr ) , 1 ď m ď r´ 1,mh ” ´1 mod r;
which is induced from (1.3.2). Then we have:
Z
1
r,O(S, SU(r)/Zr ; q) =
1
r2
qrG(qr) + qr

r21G(q 1r ) + r10

r´1ÿ
j=1
G
(
e
2πij
r q
1
r
)

 .
which is exactly Theorem 6.38 in [28].
So our main result for the twisted Vafa-Witten invariants is:
Theorem 1.6. (Theorem 7.18) Let S be a smooth complex K3 surface. Then we define
Z
1
r,O(S, SU(r)/Zr ; q) as:
Z1r,O(S, SU(r)/Zr ; q) := Zr,0(q) +
ÿ
oopt|r,oopt‰1
ÿ
0‰gPH2(S,µoopt)
oopt´1ÿ
m=0
e
πi
oopt´1
oopt
mg2
Z1r,O(Sopt, (e
2πim
oopt )oopt ¨ q)
where Zr,0(q) is the Tanaka-Thomas partition function for g = 0 P H2(S, µr) and
Z1r,O(Sopt, (e
2πim
oopt )oopt ¨ q) is defined as part of the partition function of the twisted Vafa-
Witten invariants for the optimal µopt-gerbe Sopt Ñ S, see Definition 7.17; and g P
H2(S, µr) such that |g| = oopt, then Z1r,O(S, SU(r)/Zr ; q) has the formula (1.3.4). Thus
we generalize and prove the S-duality conjecture of Vafa-Witten in any rank for K3 surfaces.
1.4. Outline. A brief outline of the paper is given as follows. In §2 we set up
basic notions and notations of e´tale gerbes and stacks. The stable pair theory of
Pandharipande-Thomas on e´tale gerbes over surfaces is studied in §3. We prove
Oberdieck’s theorem for equating the reduced stable pair invariants to Behrend’s
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weighted Euler characteristic for e´tale gerbes over surfaces in §4. In §5 we generalize
the wall crossing formula of Toda to Calabi-Yau e´tale gerbes and review the multiple
cover formula fo Toda. We study the twisted multiple cover formula for twisted
sheaves on local K3 gerbes in §6. Finally in §7 we use twisted multiple cover formula
to calculate the higher rank twisted Vafa-Witten invariants for K3 surfaces, and prove
the S-duality conjecture. In the Appendix, we generalize Toda’s counting invariants
for semistable objects for K3 surfaces to twisted K3 surfaces and prove that the
invariants do not depend on the stability conditions.
1.5. Convention. We work over complex number C throughout of the paper. We
use Roman letter E to represent a coherent sheaf on a projective DM stack or an e´tale
gerbeS, and use curly letter E to represent the sheaves on the total space Tot(L) of a
line bundle L overS. We reserve rk for the rank of the torsion free coherent sheaves
E, and when checking the S-duality for SU(r)/Zr , r = rk. We keep the convention
in [67] to use SU(r)/Zr as the Langlands dual group of SU(r).
For a K3 gerbe in this paper we mean a cyclic µr-gerbe S Ñ S where S is a K3
surface.
Acknowledgments. Y. J. would like to thank Kai Behrend, Amin Gholampour,
Martijn Kool, and Richard Thomas for valuable discussions on the Vafa-Witten
invariants, and Yukinobu Toda for the discussion of the multiple cover formula for
K3 and twisted K3 surfaces. Y. J. is partially supported by NSF DMS-1600997. H.-H.
T. is supported in part by Simons foundation collaboration grant.
2. E´TALE GERBES AND STACKS, NOTATIONS
Our main reference for stacks is [36] and [55]. The notion of e´tale µr-gerbes over
schemes and C˚-gerbes on a scheme was reviewed in [28, §2]. We fix the following
notations.
‚ Let S be a smooth K3 surface, and p : SÑ S a µr-gerbe.
‚ p : X Ñ X always represents a µr-gerbe over a smooth scheme X. In particular,
X = SˆC is the local K3 surface with S a smooth K3 surface.
‚ The isomorphism classes of µr-gerbes on S or any other scheme are classified by
H2(S, µr). The exact sequence
1Ñ µr Ñ O˚S
(¨)rÝÑ O˚S Ñ 1
induces a long exact sequence:
¨ ¨ ¨ Ñ H1(S,O˚S)
ψÝÑ H2(S, µr) ϕÝÑ H2(S,O˚S)Ñ ¨ ¨ ¨
We call a µr-gerbe p : SÑ S “essentially trivial” if it is lying in the image of the map
ψ in the above exact sequence; and “optimal” if the order |ϕ(S)| = r in H2(S,O˚S)tor.
‚ For the surface S, the Brauer group Br(S) is by definition the group
of isomorphism classes of Azumaya algebras over S; which is equal to its
cohomological Brauer group Br1(S) := H2(S,O˚S)tor.
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‚ In the e´tale cohomology group H2(S, µr), we call a class g P H2(S, µr) “algebraic”
if it comes from a class in H1(S,O˚S), i.e., a line bundle over S in the above exact
sequence. We call g P H2(S, µr) “non-algebraic” if its image in H2(S,O˚S) under ϕ is
nonzero.
3. STABLE PAIR THEORY ON SOME THREEFOLD DM STACKS
In this section we list some basic materials on the stable pair theory of counting
curves by Pandharipande-Thomas on threefold DM stacks, and mainly focus on the
threefold Calabi-Yau DM stack X := SˆC and
Y := Sˆ E,
where S Ñ S is a µr-gerbe over a smooth projective surface S, and E is an elliptic
curve over C.
3.1. Stable pair theory. Let p : X Ñ X be a smooth threefold DM stack, which is a
µr-gerbe over a smooth threefold X. Let Ξ be a generating sheaf on X. The definition
and property of generating sheaves can be found in [49].
Definition 3.1. A stable pair on X is given by a morphism
OX b Ξ sÝÑ F
where
(1) F is a pure dimension one sheaf on X;
(2) coker(s) is zero dimensional.
We explain the reason to make such a definition comparing with the stable pair
theory on smooth threefold X in [51]. For the µr-gerbe X Ñ X, recall the geometric
stability for a coherent sheaf E on X, which is given by the geometric Hilbert
polynomial
Pg(E,m) = χg(Eb p˚OX(m)) := [IX : X] ¨ deg(Ch(E(m)) ¨ TdX))
is defined by the geometric Euler characteristic in [41]. We assume that E is
supported in dimension one, then
Ch(E) = (0, 0, Ch2(E) = ´c2(E), Ch3(E) = 1
6
c3(E)) P H˚(X,Q).
Thus let c1(p
˚OX(1)) = x, we calculate
χg(Eb p˚OX(m)) = r
[ ż
X
(´c2(E))mx + deg(Ch(E) ¨ TdX)
]
.
Since the sheaf E is supported on a dimension cycle β P H4(X,Q), the second Chern
class c2(E) = ´β as a class, and we can write the above as
χg(Eb p˚OX(m)) = r
[
m
ż
β
x+ deg(Ch(E) ¨ TdX)
]
.
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Then fixing a K-group class for a purely one dimensional sheaf E in K0(X) is the
same as fixing the cycle β P H2(X,Q) and a rational number n P Q representing
Ch3(E). Let rk(E) := r ¨
ş
β x. The stability of pairs (E, s) is defined as q-stable if
(1)
χg(F(m))
rk(F)
ă χ
g(E(m)) + q(m)
rk(E)
, m ąą 0
for any proper subsheaf F Ă E; and
(2)
χg(F(m)) + q(m)
rk(F)
ă χ
g(E(m)) + q(m)
rk(E)
, m ąą 0
for any proper subsheaf F Ă E such that s factors through.
A similar argument as in [51, Lemma 1.3] shows that for sufficient large q,
semistablity coincides with stability and (E, s) is stable if and only if the two
conditions in Definition 3.1 hold. Fix a cycle β P H4(X,Q), and a rational number
n P Q such that n = deg(Ch(E) ¨ TdX), we define the moduli stack
PΞn (X, β)
of stable pairs of X by fixing the generating sheaf Ξ.
3.2. Stable pairs on Y = S ˆ E. In this section we consider the stable pairs on
the Calabi-Yau threefold DM stack Y = S ˆ E, where p : S Ñ S is a µr-gerbe
over a smooth projective K3 surface S, and E is an elliptic curve. A curve class in
H2(S,Q) Ă H2(Y,Q) is given by a line bundle in Pic(S), if d P Zě0 is a nonnegative
integer, we let (β, d) P H2(Y,Q) be the class
(β, d) := ιS˚(β) + ιE˚(d[E])
where ιS : S ãÑ Y and ιE : E ãÑ Y are inclusions. The Calabi-Yau threefold DM
stack
p : Y = Sˆ EÑ Y := Sˆ E
is also a µr-gerbe over Y and its class in H
2(Y, µr) is given by the class of the gerbe
[S] P H2(S, µr). We consider the moduli stack Pα(Y, (β, d)) of stable pairs (E, s)
on Y with curve class (β, d) and K-group class α P K0(Y). Form the commutative
diagram:
(3.2.1) S 
 ιS //
p

Sˆ E
p

S 
 ιS // Sˆ E,
, Sˆ E

Sˆ Epoo pE //
pS

E
S S
p
oo
Lemma 3.2. The stable pair (E, s) in Pα(Y, (β, d)) only depends on the curve class (β, d)
and a rational number n given by
n =
ż
Y
Ch(p˚E) ¨ TdY .
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Proof. We calculateż
Y
Ch(α) ¨ TdSˆE =
ż
Y
(´c2(α) + c3(α))(1+ c1(Y)) + 112c1(Y)
2 + c2(Y)
=
ż
Y
((´c2(α)) ¨ c1(Y) + c3(α))
=
ż
Y
((ιS˚(β) + ιE˚(d[E]))(c1(S) + c1(E)) + c3(α))
=
ż
Y
((ιS˚(β) ¨ c1(E) + ιE˚(d[E]) ¨ c1(S)) + c3(α))
=
ż
Y
ιS˚(β) ¨ c1(E) +
ż
Y
ιE˚(d[E]) ¨ c1(S) +
ż
Y
c3(α)
=
1
r
[ ż
Y
p˚(ιS˚(β) ¨ c1(E)) +
ż
Y
p˚(ιE˚(d[E]) ¨ c1(S)) +
ż
Y
p˚c3(α)
]
Here we let
p˚[E] = p˚α = ιS˚β+ ιE˚(d[E]) P K0(Y)
and β = p˚β P H2(S,Q), and the last equality is from the µr-gerbe structure. Thus
according to diagrams in Diagram (3.2.1), the above integral is equal toż
Y
Ch(p˚E) ¨ TdY
which we define as the rational number n. 
Remark 3.3. The number n =
ş
Y Ch(p˚E) ¨ TdY is actually an integer by Riemann-Roch
theorem. In the following we let
Pn(Y, (β, d))
be the moduli stack of stable pairs (E, s) onY with curve class (β, d) and rational number n
above.
3.3. The elliptic curve E-action. We also consider the elliptic curve E action onY =
Sˆ E by the translation of the factor E,
mY : EˆYÑ Y
by:
(x, (s, e)) ÞÑ (s, e+ x).
Denote by P := Pn(Y, (β, d)). Let tx for x P E be the translation of Y determined by
x. Let ι : EÑ E be the inverse map by x ÞÑ ´x, and let
Ψ : EˆYˆ P ιˆidYˆPÝÑ EˆYˆ P mYˆidPÝÑ Yˆ P
be the composition. We let
I = [OYˆP Ñ E]
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be the universal stable pair on Yˆ P. Then Ψ˚(I) defines a family of stable pairs on
Y over Eˆ P. By the universal property of P, this gives a map
mP : Eˆ PÑ P
such that Ψ˚(I) – m˚P(I). The map mP defines a group action on P. Points x P E act
on I P P by
I + x := mP(x, I) = t
˚
´x(I) = tx˚(I).
Let
mYˆP : EˆYˆ PÑ Yˆ P
be the diagonal action by
(e, x, I) ÞÑ (x+ e, I + e).
Then Ψ˚(I) – m˚P(I) gives
m˚YˆP(I) = π
˚
E(I)
where πE : E ˆY ˆ P Ñ Y ˆ P is the projection. These data satisfy the cocycle
condition which descends to the quotient:
ρ : Yˆ PÑ (Yˆ P)/E
with the diagonal action mYˆP. The universal stable pair I descends along ρ and
gives I on the quotient (Yˆ P)/E and ρ˚(I) – I.
3.4. The reduced perfect obstruction theory. For the K3 surface S, the µr-gerbe
S Ñ S is a holomorphic symplectic DM stack. We follow Oberdieck [50] and
Kool-Thomas [34] to construct a reduced perfect obstruction theory on P. Let
πY : Y ˆ P Ñ Y and πP : Y ˆ P Ñ P be projections. We consider the Atiyah
class:
At(I) P Ext1YˆP(I, IbLYˆP)
in [21]. Since LYˆP – π˚Y(ΩY)‘π˚P(LP)Ñ π˚PLP, we use the composition maps
Ext1YˆP(I, IbLYˆP)Ñ Ext1YˆP(RHom(I, I),π˚PLP)Ñ Ext1YˆP(RHom(I, I)0,π˚PLP)
–ÝÑ HomP(RπP˚RHom(I, I)0 bωP[2],LP)
and the last isomorphism is from relative Verdier duality. Then the image AtP(I) in
the above image gives a perfect obstruction theory:
E‚ = RπP˚ (RHom(I, I)0 bωP) [2]Ñ LP.
As in [34, §2.3], we take cup product of the obstruction sheaf of E‚ with the Atiyah
class AtY(I) and get a semi-regularity map:
(3.4.1) sr : (E‚)_ Ñ H1,3(Y)bOP[´1]
by
Ext2πP(I, I)0 ãÑ Ext2πP(I, I)
At(I)ÝÑ Ext3πP(I, IbLYˆP)Ñ Ext3πP(I, Ibπ˚YΩY)
trÝÑ R3πP˚π˚YΩY –ÝÑ H1,3(Y)bOP,
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which is surjective sinceS is a K3 gerbe. Taking the dual of the semi-regularity map
sr we get:
H1,3(Y)_ bOP[1]Ñ E‚
and let E‚red := Cone(H
1,3(Y)_ bOP[1] Ñ E‚), the cone the above morphism. Then
from [34, Theorem 2.7]:
Proposition 3.4. There exists a perfect obstruction theory
E‚red Ñ LP
for P with virtual dimension h1,3(Y) = h0,2(S).
Proof. We generalize the proof in [34, Theorem 2.7] to the gerbe setting.
Step 1: We study the twistor family for µr-gerbes on a K3 surface S. First let
us recall the twisted family for K3 surfaces. Consider H1(TS) and let m be the
maximal ideal of the origin 0 P H1(TS). The first order neighbourhood of the origin
is Spec(OH1(TS)/m
2). The cotangent sheaf restricted to 0 P H1(TS) gives H1(TS)˚.
Let S Ñ Spec(OH1(TS)/m2) be the tautological flat family of K3 surfaces. As in
[34, §2.1], there exists a subspace V Ă H1(TS) such that Yβ : V –ÝÑ H2(OS) is an
isomorphism. Then restricting S to B := Spec(OV/m
2) gives the flat twistor family
SB of K3 surfaces. Since the twistor family SB Ñ B is a family over an affine scheme
we have:
H2(SB, µr) – H2(S, µr).
Then the class of the gerbe [S] P H2(S, µr) determines a µr-gerbe on SB. We denote
p : SB Ñ SB for this µr-gerbe whose central fiber gives p : SÑ S. This is the twistor
family for the K3 gerbe S. We also let
YB := SB ˆ E; YB := SB ˆ E
be the families of Sˆ E over B.
Step 2: Let
S

 j
//

SB

S 
 j
// SB;
Sˆ E   j //

YB

Sˆ E   j // YB;
be the inclusions of the central fibers. We claim that the natural morphisms
j˚ : Pn(S, β)
–ÝÑ Pn(SB/B, βB)
and
j˚ : Pn(Y, (β, d))
–ÝÑ Pn(YB/B, (βB, d))
are isomorphisms, where βB = βb 1 P H2(SB/B) – H2(S,C)bOB. We follow the
proof in [34, Proposition 2.2]. First Pn(SB, βB)bB t0u – Pn(S, β). We need to prove
that if there is an Artinian scheme A with a morphism to B, and proper flat family
IA Ñ A of stable pairs over SB such that it pulls back to a stable pair I0 over S and
h0˚[β] = βB, then A Ñ B factors through 0 P B. But this is from [34, Lemma 2.1]
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since we fix β P H2(S,Q) such that β P H1,1(S)X (H2(S,Z)/ tor). The case ofY and
YB is similar.
Step 3: We then generalize [34, Theorem 2.7] to the gerbe case and get the perfect
obstruction theory. Consider the algebraic twistor family SB Ñ B and the family
YB = SB ˆ E Ñ B, we have the moduli stack of stable pairs P := Pn(YB/B, ι˚βB) Ñ
B on the fibers is isomorphic to the moduli stack Pn(Y, β) on Y = Sˆ E. For the
stack YB over B, since for the stable pair
I‚ P Pn(YB/B, ι˚βB)
the deformation and obstruction are given by Ext1YB(I
‚, I‚)0 and Ext
2
YB
(I‚, I‚)0,
the argument in [46, §3] works for this µr-gerbe case and gives a relative perfect
obstruction theory:
E‚rel := RπP˚(RHom(I, I)0 bωPˆBYB/P)[2]Ñ LP/B.
This perfect obstruction theory fits into the following diagram:
F‚ //

E‚rel
//

ΩB[1]
=

LP // LP/B
// ΩB[1]
and defines a perfect absolute obstruction theory F‚ over P. All the stable pairs of P
lie scheme theoretically on the central fiberY, and E‚rel is the usual complex of stable
pair theory on Y. Hence F‚ has virtual dimension h2,0(S). The same proof in [34,
Theorem 2.7] shows that F‚ Ñ E‚ Ñ E‚rel is an isomorphism. 
3.5. Symmetric obstruction theory of the quotient.
3.5.1. Global vector field on P by the E-direction on Y. Let m : Eˆ P Ñ P be the action,
then we have the complex TEbOEˆP ãÑ TEˆP dmÝÑ m˚TP where dm is the differential.
We restrict it to 0E ˆ P ãÑ Eˆ P and get a global vector field:
(3.5.1) v : H0(TE)bOP = TE,0E bOP Ñ TP – Ext1πP(I, I)0.
Similar arguments in [50, Lemma 1] gives:
H0(TE)bOP –ÝÑ H0(Y, TY)bOP
AtY(I)ÝÑ Ext1(I, I)bOP Ñ Ext1πP(I, I)
which is the same as (3.5.1). Since we have H0(E, TE) = H
0(Y, TY), let
s : H0(TE)
_ bOP –ÝÑ H1,3(Y)bOP
be the isomorphism induced by the non-degenerate pairing:
H0(Y, TY)b H3(Y,ΩY) Ñ H3(Y,OY) – C.
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Then from [50, Lemma 2], we have the following commutative diagram:
E‚
B_ //
θ

H0(TE)
_ bOP
s

(E‚)_[1]
sr[1]
// H1,3(Y)bPP
where B_ : E‚ Ñ h0(E‚) = ΩP Ñ H0(TE)_ bOP is the composition map E‚ Ñ
h0(E‚) with the dual of (3.5.1) and sr is the semi-regularity map.
3.5.2. Symmetric complex of the quotient. We form the complex
I‚ := Cone(E‚
B_ÝÑ H0(TE)_ bOP)[´1].
The reduced complex E‚red fits into the following:
H1,3(Y)_ bOP sr
_ÝÑ E‚ Ñ E‚red.
Consider the following diagram of exact triangles:
I‚ //
rθ

E‚
θ

B_ // H0(TE)
_ bOP
s

(E‚red)
_[1] // (E‚)_[1] // H1,3(Y)bOP
Since θ and s are isomorphisms, so is rθ. We form the following diagram:
H1,3(Y)_ bOP[1] = //
sr_

H1,3(Y)_ bOP[1] //
sr_

0

I‚ //

E‚

B_ // H0(TE)
_ bOP
=

G‚ // E‚red
B_ // H0(TE)
_ bOP
where G‚ := Cone(H1,3(Y)_ bOP[1] Ñ I‚) or G‚ := Cone(E‚red
B_ÝÑ H0(TE)_ b
OP[´1]). Then the above induces the following diagram:
H1,3(Y)_ bOP[1] sr
_
//
s_[1]

I‚ //
rθ

G‚
λ

H0(TE)bOP[1] B // (E‚red)_[1] // (G‚)_[1]
where λ is induced by the morphism in the left square. Then from [50, Proposition
2], λ_[1] – λ and λ : G‚ Ñ (G‚)_[1] is a non-degenerate symmetric bilinear form of
degree one.
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3.5.3. The morphism q : P Ñ E. Since we work on Sˆ E = Y, and P = Pn(Y, (β, d))
is the moduli stack. Let β P Pic(S) be such that β P Pic(S) is a curve class. We
generalize the morphism pc in [50, §3.1] to this case. First we have for each k P Z,
(3.5.2) σk : Eˆ E Ñ E
given by (x, e) ÞÑ e+ kx which is the action of E on itself by k-times. Also
(3.5.3) mP : Eˆ PÑ P
is given by (x, I) ÞÑ I + x = tx˚ I. We recall the construction of the morphism
(3.5.4) qc : Pn(Y, (β, d)) Ñ E
We let pE := Pic0(E) be the dual of E which is isomorphic to E. Let L Ñ Eˆ pE be the
Poincare´ line bundle which is defined by
(1) Lξ = L|Eˆξ is isomorphic to ξ for any ξ P Pic0(E);
(2) L|
0ˆpE – OpE.
So LX = L|xˆpE is isomorphic to x P E since Pic0(pE) – E. Let pY = S ˆ pE and
LY Ñ Yˆ pY be the pullback of L from Yˆ pYÑ Eˆ pE. Let
ΦLY : D
b(Y) Ñ Db(pY)
be the equivalence defined by:
E ÞÑ RppY˚(LY b p˚Y(E)).
This is the Fourier-Mukai transform. For a line bundle L P Pic(S), such that c1(L) =
c. Let
πS : pYÑ S
be the projection. Define
(¨)b π˚SL : Db(pY)Ñ Db(pY)
to be:
E ÞÑ Ebπ˚SL.
Let πpE : pYÑ pE be the projection to pE. We define qc in the level of geometric points:
P(C) = Pn(Y, (β, d))(C) ãÑ Db(Y)
ΦLYÝÑ Db(pY) (¨)bπ˚SLÝÑ Db(pY) RπpE˚ÝÑ Db(pE) detÝÑ Picm(pE) = E
for some m.
The algebraic morphism qc can be constructed by giving a line bundle on
Pn(Y, (β, d))ˆ pE. The line bundle is given by the determinant of the following
RπpEˆP˚(ΦLYˆP(I)bπ˚SL)
where I is the universal twisted stable pair on Yˆ P. We have a similar result as in
[50, Proposition 3].
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Proposition 3.5. There exists a morphism
qc : Pn(Y, (β, d)) Ñ E
such that for k = xc, βy+ n, it is E-equivariant with respect to mP and σk defined before.
Moreover, for I P P, x P E, qc(I + x) = qc(I) + kx.
Proof. Since we consider the twisted stable pairs I = (Ξ b OY Ñ F), where our
µr-gerbe twist means the µr-action on the generating sheaf is given by the whole
primitive action of the generator of µr. Then all the calculations in [50, Lemma 4,
Lemma 5, Lemma 6] keep the same except we need to multiply by e2πi/r on the
Chern character. Therefore the calculation in [50, Lemma 6] still holds for twisted
stable pairs. Also for c P Pic(S), we have xc, βy+ n = xc, βy+ n, where c and β are
the images in H2(S,Q)Ñ H2(S,Q). 
3.5.4. Virtual class. Consider the morphism qc : P Ñ E. We will construct a perfect
obstruction theory on
K := q´1c (0E).
Let 0E ˆ P ãÑ Eˆ P be the inclusion, then the derivative map:
d : LP Ñ ΩE,0bOP
is the second one in π˚LP/E Ñ LP Ñ Lπ – OP induced from π : P Ñ P/E. From
the analysis of obstruction theory above we form the following diagram:
G‚ //
ϕ

E‚red
//

ΩE,0bOP
–

π˚LP/E // LP // ΩE,0bOP
where h0(TE)
_ = ΩE,0. Then it indues a morphism:
ϕ : G‚ Ñ π˚P/E
As in [50, Proposition 4], let ι : L ãÑ P be the inclusion, then Lι˚(ϕ) : Lι˚G‚ Ñ
Lι˚π˚LP/E – rπ˚(LP/E) where rπ : K Ñ PÑ P/E; and rπ is e´tale. Hence rπ˚(LP/E) –
LK and the composition
Lι˚G‚
Lι˚(ϕ)ÝÑ LK
defines a symmetric obstruction theory on K. Thus this symmetric obstruction
theory gives a virtual fundamental class [K]vir P A0(K) such that
1
|G|π˚([K]
vir) = [P/E]vir P A0(P/E)
where G is the finite group of the e´tale map rπ.
Now we show Oberdieck’s theorem in [50] for µr-gerbe S and Y = S ˆ E.
The reduced perfect obstruction theory E‚red defined before gives a one-dimensional
virtual fundamental cycle [P]red P A1(P). Let ω P H2(E,Z) be the class of a point
and β_ P H2(S,Q) such that xβ, β_y = 1.
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Definition 3.6. Define rNY
n,(β,d)
:=
ż
[Pred]
τ0(π
˚
S(β
_)Yπ˚E(ω))
where τ0(¨) is the insertion operator defined in [51, §3.6], and πS : S ˆ E Ñ S, πE :
Sˆ EÑ E are projections. This is called the incidence DT-invariant.
There is another invariant given by the Behrend function [4]. The elliptic curve E
acts on P and we have the quotient P/E. Let νP : P/E Ñ Z be the Behrend function
on the quotient.
Definition 3.7. Define
NY
n,(β,d)
:= χ(P/E, νP)
the weighted Euler characteristic by the Behrend function.
Theorem 3.8 ([50]). We have: rNY
n,(β,d)
= NY
n,(β,d)
.
Proof. Let π : PÑ P/E be the projection. We first show that π˚[P/E]vir = [Pred]. We
use the diagram
Eˆ K πK //
m

K
rπ

P
π // P/E
From the construction of reduced obstruction theory E‚red (which differs from E
‚ by
OP), we have:
[P]red = ts((E‚)_)X cF(P)u1
where s((E‚)_) is the Segre class and cF(P) is the Fulton class of P. Here we use the
description of virtual class of Siebert [53] using Fulton class. The map m is e´tale, and
deg(rπ) = |G|, we have:
[P]red =
1
|G|m˚ts((m
˚E‚)_)Xm˚cF(P)u1.
Form the following diagram:
Yˆ P πP //
ρ

P
π

(Yˆ P)/E πP/E // P/E
there exists a universal pair I P (Yˆ P)/E such that ρ˚I = I, and I is the universal
stable pair on Yˆ P. Let
H‚ := RπP/E˚RHom(I, I)0[2].
ThenH‚ is of amplitude [´1, 0] and
π˚H‚ = E‚ = RπP˚RHom(I, I)0[2].
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From Fulton’s Chern class explanation of virtual classes, if we let h : Y Ñ P/E be
any proper e´tale morphism of deg(h) with Y a scheme, we have:
[P/E]vir =
1
deg(h)
h˚ts((h˚H‚)_)X cF(Y)u0.
Thus since Fulton’s Chern classes are invariant under e´tale pullback, and m˚E‚ =
m˚π˚H‚ = π˚K rπ˚H‚, we have
[P]red =
1
|G|m˚ts((π
˚
K rπ˚H‚)_)Xπ˚KcF(K)u1
=
1
|G|m˚π
˚
Kts((rπ˚H‚)_)Xπ˚KcF(K)u0 = π˚[P/E]vir.
From the definition of the invariants in Definition 3.6 and Definition 3.7, and look at
the diagram:
Y
πY // Yˆ P πP //
ρ

P
π

(Yˆ P)/E πP/E // P/E
let D P H2(S,Q) be such that xβ,Dy = 1, then we have rNY
n,(β,d)
is the degree of
D := (´Ch2(I) ¨π˚Y(π˚S(D)Yπ˚E(ω))Xπ˚P[P]red.
We need to show (πP/E ˝ ρ)˚D = [P/E]vir . We have Ch2(I) = ρ˚Ch2(I), therefore
ρ˚D = ρ˚(π˚E(ω) X ρ˚(α)) for α = (´Ch2(I) Y π˚S(D)) X π˚P/E[P/E]vir . Then the
same argument in [50, §4.4] shows that ρ˚D = α, and (πP/E ˝ ρ)˚D = πP/E˚α =
xD, βy[P/E]vir = [P/E]vir. 
4. BEHREND EQUALS TO REDUCED INVARIANTS OF OBERDIECK
In this section we perform the following invariants on the Calabi-Yau threefold
DM stack X := SˆC for the µr-gerbe SÑ S over a K3 surface S.
For the Calabi-Yau DM stack X = SˆC, we choose the generating sheaf Ξ on X
such that it is the pullback of Ξ onS by the projection XÑ S. We consider the stable
pairs on (OX b Ξ sÑ F) on X. For n P Q, we let Pn(X, ι˚β) = Pn(SˆC, ι˚β), where
ι : S ãÑ X is the inclusion, be the moduli stack of stable pairs on X with number n
given by
n =
ż
SˆP1
Ch(F) ¨ TdSˆP1
and class [F] = ι˚β. Since X is also a Calabi-Yau DM stack, Pn(X, ι˚β) admits a
symmetric obstruction theory and there is virtual fundamental class [Pn(X, β)]vir.
There is a C˚-action on X by scaling the fiber C and induces an action on the moduli
stack [Pn(X, β)]vir. From [11], there is an induced virtual fundamental class on the
fixed locus (Pn(X, β))C
˚
.
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Definition 4.1.
Predn,β (X) :=
ż
[(Pn(X,β))C
˚
]vir
1
e(Nvir)
P Q
where e(Nvir) is the Euler class of the virtual normal bundle of the C˚-action.
On the other hand, we have the Behrend function
νP : Pn(X, ι˚β) Ñ Z
on the moduli stack and the invariant χ(Pn(X, ι˚β), νP) is Behrend’s weighted Euler
characteristic. Similar to [45], let us form the generating function:
(4.0.1) Z
red
P (X; q, v) :=
ÿ
α=(β,n)
Predn,β (X)q
nvβ
which is the generating function of rational residue reduced stable pair invariants of
X.
We also have
(4.0.2) Z
χ
P(X; q, v) :=
ÿ
α=(β,n)
χ(Pn(X, ι˚β), νP)q
nvβ
which is the generating function of Behrend invariants of X. Our goal in this section
is to show a similar result in [45, Theorem 1.1].
First we prove
Lemma 4.2. Let us form the generating function
Z
χ
P(Y/E; q, v) :=
ÿ
α=(β,n)
χ(Pn(Y, ι˚β)/E, νP)q
nvβ,
where Y = Sˆ E and we consider the quotient of the moduli stack of stable pairs. Then we
have:
Z
red
P (Y/E; q, v) = ´ log(1+ ZχP(X; q, v)).
Proof. The proof is the same as in [45, Proposition 3.2], since in that proof the key
points only happen at the elliptic curve E. We sketch it here.
By the C˚-action on X = Sˆ C, the induced action on Pn(X, ι˚β) preserves the
Behrend function νP and let P
0
α Ă Pn(X, ι˚β) be the fixed point locus, which consists
of stable pairs with set-theoretic supports on S ˆ t0u Ă S ˆ C. Therefore the
weighted Euler characteristic χ(Pn(X, ι˚β), νP) can be localized to Pα = χ(P
0
α , νP|P0α ).
For the Calabi-Yau DM stack Y = S ˆ E, the exponential map e(´) gives an
isomorphism on an analytic neighborhood of any point p P E and a neighborhood
of 0 P C. Then this translates stable pairs from S ˆ t0u Ă X to S ˆ tpu Ă Y,
and P0α ˆ E is the moduli stack of stable pairs on Y supported set theoretically on
a single fiber Sˆ tpu. Then we stratify the moduli stack Pn(Y, ι˚β) by the minimal
number k of fibers S on which the stable pairs are set-theoretically supported. Let
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the distinct charges be α1, ¨ ¨ ¨ , αl. Let ki be the number of fibers S such that the
charge is αi = (βi, ni), then
lÿ
i=1
ki = k;
lÿ
i=1
kiαi = α.
Then the same argument in [45, Proposition 3.2] shows that the stratum of Pn(Y, ι˚β)
with this data is:
(4.0.3)
(
P0α1 ˆ ¨ ¨ ¨ ˆ P0α1
)
ˆ ¨ ¨ ¨ ˆ
(
P0αl ˆ ¨ ¨ ¨ ˆ P0αl
)
ˆ
(
Ekz∆k
)
/(Sk1 ˆ ¨ ¨ ¨ ˆ Skl)
where the action acts freely and ∆k is the big diagonal. Therefore the weighted Euler
characteristic of (4.0.3) is:
´P
k1
α1
k1!
¨ P
k2
α2
k2!
¨ ¨ ¨ P
kl
αl
kl !
χ
(
Ekz∆k
E
)
= (´1)k 1
k
(
k
k1, k2, ¨ ¨ ¨ , kl
)
Pk1α1 ¨ ¨ ¨ Pklαl .
Then summing over all strata and all α, we have:
8ÿ
k=1
ÿ
l,ki,αidistinctřl
i=1 ki=k
(´1)k
k
(
k
k1, k2, ¨ ¨ ¨ , kl
)
(Pα1Q
α1)k1 ¨ ¨ ¨ (PαlQαl)kl
=
8ÿ
k=1
1
k
(
´
ÿ
α
PαQ
α
)k
= ´ log(1+
ÿ
α
PαQ
α).

Theorem 4.3. We have
Z
red
P (X; q, v) = ´ log(1+ ZχP(X; q, v)).
Proof. From Lemma 4.2, we need to prove:
Z
χ
P(Y/E; q, v) = Z
red
P (X; q, v).
We show that
Predn,β (X) = χ(P/E, νP) = N
Y
n,β,
where P := Pn(Y, ι˚β). From Theorem 3.8, N
Y
n,β =
rNYn,β. Thus we need to show
Predn,β (X) =
rNYn,β.
Here rNYn,β = rNYn,(β,0) and
(4.0.4) rNY
n,(β,0)
=
ż
[Pn(Y,ι˚β)]red
τ0(ι˚β
_)
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where we let β_ P H2(S,Q) such that şS β Y β_ = 1. We take the degeneration of
the elliptic E to a one-nodal rational elliptic curve. The degeneration formula [39],
[71] expresses the right side of (4.0.4) as:
(4.0.5)
ż
[Pn(SˆP1/(S0YS8),ι˚β)]red
τ0(β
_)
We use the degeneration formula again to calculate (4.0.5), and degenerate S ˆ
P1/S8 to:
(SˆP1)/S8
ď
S8„S0
(SˆP1)/(S0 YS8)
and the degenerate formula gives:
(4.0.6)ż
[Pn(SˆP1/S8,ι˚β)]red
τ0(ι˚β
_) =
ÿ
(βi,ni)
ż
[Pn1(SˆP
1/S8,ι˚β1)ˆPn2(SˆP
1/(S0YS8),ι˚β2)]red
1ˆτ0(ι˚β_)
where the sum is over all (β1, n1), (β2, n2) whose sum is (β, n). Same analysis as
in [45, Theorem 4.2] shows that only the case (β2, n2) = (β, n) and (β1, n1) = 0
contributes to (4.0.5). Therefore from (4.0.6),
(4.0.7) rNY
n,(β,0)
=
ż
[Pn(SˆP1/S8,ι˚β)]red
τ0(ι˚β
_)
Now we use virtual localization to the C˚-action on P1 with weight +1 on tangent
space at 0. Lift ι˚β
_ to H˚C˚(S ˆ P1) by the map ι : S ˆ t0u ãÑ S ˆ P1. Then
localization formula reduces the integral (4.0.7) to:ż
[Pn(X,ι˚β)C
˚ ]red
1
e(Nvir)
τ0(ι˚β
_).
Since overS0, τ0(ι˚β
_) is c1(t)
ş
S βY β_ = t, we haveż
[Pn(X,ι˚β)C
˚
]red
1
e(Nvir)
= Predn,β (X).

5. WALL CROSSING FOR CALABI-YAU GERBES AND TODA’S MULTIPLE COVER
FORMULA
In this section we generalize Toda’s wall crossing formula for the D0-D2-D6
bound states to µr-gerbes and get the multiple cover formula for counting semistable
coherent sheaves on the gerbe.
5.1. Wall-crossing in D0-D2-D6 bound states for µr-gerbes. In this section we let
X be a µr-gerbe over a smooth projective Calabo-Yau threefold X. We study the wall
crossing formula of [63, Formula (28)], and also [64] to the µr-gerbe X. The basic
techniques we use follow from Toda’s papers and generalize to e´tale gerbes. The
arguments should work for any Calabi-Yau threefold DM stack X.
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5.1.1. Toda’s weak stability conditions on the category of D0-D2-D6 bound states. Let XÑ
X be a µr-gerbe over X, which is given by a class [X] P H2(X, µr). Let Cohď1(X)
be the subcategory of the category of coherent sheaves Coh(X) on X consisting of
coherent sheaves E on X such that supp(E) ď 1. Let
AX := xOX, Cohď1(X)[´1]yex.
Then AX is the heart of a bounded t-structure on a derived category DX (this is
proved in [64, Lemma 3.5] which works for the gerbe X):
DX := xOX, Cohď1(X)ytr Ă Db(Coh(X)).
So AX is an abelian category. From physics, DX is called the category of D0-D2-D6
bound states for the gerbe X.
Remark 5.1. It is possible to apply stability conditions and wall crossing in [64], [9] to this
triangulated category DX to prove the DT/PT-correspondence for the counting invariants
for X Ñ X. Since the decomposition conjecture of DT and PT invariants for the µr-gerbe
XÑ X is proved in [12], the DT/PT-correspondence is already known.
Let us recall how we construct the category AX. Let Cohě2(X) be the subcategory
of Coh(X) given by
Cohě2(X) := tE P Coh(X)|Hom(Cohě1(X), E) = 0u.
Then (Cohď1(X), Cohě2(X)) is a torsion pair in the sense of [64, Definition 3.1] or
[15]. There is an abelian category Coh:(X) with respect to this torsion pair and
A
p
X := Coh
:(X) = xCohě2(X)[1], Cohď1(X)yex.
The subcategory Cohď1(X) Ă ApX is closed under subobjects and quotients in A
p
X.
The category AX is the intersection
AX = DX XApX[´1].
Let us construct the weak stability conditions on DX following Toda.
Definition 5.2. For the Calabi-Yau threefold DM stack XÑ X, set
Γ0 := Q‘ H2(X,Q)
and the group homomorphism
cl0 : K(Cohď1(X)) Ñ Γ0
is given by E ÞÑ (Ch3(E), Ch2(E)). Define
Γ := Q‘ H2(X,Q)‘Z = Γ0 ‘Z.
The general Chern character (not orbifold Chern character)
cl : K(AX)Ñ Γ
is given by: E ÞÑ (Ch3(E), Ch2(E), Ch0(E)) and defines a group homomorphism.
This is because AX is generated by OX, E P Cohď1(X)[´1], and by Poincare duality,
Ch3(E) P H6(X,Q), Ch2(E) P H4(X,Q) – H2(X,Q). We recall the weak stability
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condition in [64] and [63]. LetAX be an abelian category and Γ be a finitely generated
abelian group. Fix H Ă C such that
H = tρ ¨ eπiφ|ρ ą 0, 0 ă φ ď 1u.
Definition 5.3. A (Bridgeland) stability condition on AX is a group homomorphism
Z : Γ Ñ C
satisfying the following conditions:
(1) For any nonzero E P AX, Z(E) = Z(cl(E)) P H and the argument: arg(Z(E)) P
(0,π] is well-defined. The object E P AX is called Z-(semi)stable if for any nonzero
subobject 0 ‰ F Ĺ E, argZ(F) ă (ď) argZ(E).
(2) For any object E P AX, there is a Harder-Narasimhan filtration:
0 = E0 Ă E1 Ă ¨ ¨ ¨ Ă Em = E
such that each Fi = Ei/Ei´1 is Z-semistable and argZ(F1) ą argZ(F2) ą ¨ ¨ ¨ ą
argZ(Fm).
Now for a Γ, we fix a filtration:
0 = Γ´1 Ĺ Γ0 Ĺ Γ1 Ĺ ¨ ¨ ¨ Ĺ Γm = Γ
such that the quotient Γi/Γi´1 is a free abelian group.
Definition 5.4 ([64]). A weak stability condition on AX is given by
Z = tZiumi=0 P
mź
i=0
Hom(Γi/Γi´1,C)
such that the following conditions are satisfied:
(1) If for any nonzero E P AX, cl(E) P Γi/Γi´1, then
Z(E) := Zi([cl(E)]) P H
where [cl(E)] is the class of cl(E) in Γi/Γi´1. The objects E P AX is Z-(semi)stable
if for any exact sequence
0Ñ F Ñ E Ñ G Ñ 0
in AX, and
argZ(F) ă (ď) argZ(G).
(2) There is a Harder-Narasimhan filtration for any E P AX.
It is not hard to see that if m = 0, any weak stability condition is a stability
condition. We follow Toda to construct the following weak stability condition on
AX. Recall our Γ = Γ0 ‘Z, and we take the following 2-step filtration on Γ:
0 = Γ´1 Ĺ Γ0 Ĺ Γ1 = Γ.
The embedding Γ0 ãÑ Γ is given by (n, β) ÞÑ (n, β, 0). So#
Γ0/Γ´1 = Q‘ H2(X,Q);
Γ1/Γ0 = Q.
HIGHER RANK S-DUALITY FOR K3 SURFACES 29
We give the following data:#
ω P H2(X,Q) – H2(X,Q),ω is ample;
0 ă θ ă 1.
and let
Zω,θ = (Zω,θ,0,Zω,θ,1) P
1ź
i=0
Hom(Γi/Γi´1,C) = Hom(Γ0/Γ´1,C)ˆHom(Γ1/Γ0,C)
which is defined as: #
Zω,θ,0(n, β) = n´ (ω ¨ β)
?´1;
Zω,θ,1(rk) = ρ ¨ eπiθ,
where (n, β) P Γ0 and ρ P Z, (n, β, rk) P Γ.
Lemma 5.5. ([63, Lemma 5.2]) The homomorphisms (Zω,θ,i) give a weak stability
condition on the category AX.
Proof. The proof is similar to [63, Lemma 5.2]. For completeness, we provide a proof
here. We check Definition 5.4. Let E P AX be such that cl(E) P Γi/Γi´1. In the case
i = 1, Zω,θ(E) P Rą0eiπθ Ă H and in the case i = 0, Zω,θ(E) = Zω(E[1]) P H since
E P Cohď1(X)[´1]. Here Zω(E) = n´ (ω ¨ β)
?´1. Also Zω,θ(E) defined in this way
is a stability condition on Cohď1(X), see [63, Example 3]. Therefore condition (1) in
Definition 5.4 is satisfied.
To check the Harder-Narasimhan property, we introduce a torsion pair (A
p
1 ,A
p
1/2)
on the category A
p
X, see [65, Lemma 2.16], which is defined by
A
p
1 := xF[1],Ox|F is pure 2-dimensional , x P Xyex
and
A
p
1/2 := xE P A
p
X|Hom(F, E) = 0 for any F P A
p
1y.
From the definition of torsion pair, we have for any T P Ap1 , and F P A
p
1/2,
Hom(T, F) = 0 and any E P ApX fits into the exact sequence:
0Ñ T Ñ E Ñ F Ñ 0
such that T P Ap1 and F P A
p
1/2. Let
AX,1 := A
p
1 [´1]XAX = xOx[´1] : x P Xyex
and
AX,1/2 := A
p
1/2[´1]XAX = tE P AX|Hom(AX,1, E) = 0u.
Then (AX,1,AX,1/2) is a torsion pair on AX. Also if E P Ap1/2[´1], and rk(E) = 0 or
1, and c1(E) = 0, then from [63, Lemma 5.1], E P AX,1/2. The proof is as follows.
Rank zero case is obvious. In the rank one case, H´1(E) is torsion free of rank one,
so there exists a gerby curve C Ă X such that H´1(E) Ñ H´1(E)__ – OX and an
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exact sequence IC Ñ E Ñ F[´1]. IC, F[´1] P AX imply that E P AX. Thus for any
E P AX, there exists an exact sequence:
(5.1.1) 0Ñ T Ñ E Ñ F Ñ 0
such that T P AX,1 and F P AX,1/2. Also the categories AX,1,AX,1/2 are of finite
length with respect to strict epimorphism and strict monomorphism. This is due
to [65, Lemma 2.19] and the category of twisted sheaves on X (which is the same
as category of coherent sheaves on X) is equivalent to the categories of untwisted
shaves as in [17]. Since Zω,θ is defined by:#
Zω,θ,0(n, β) = n´ (ω ¨ β)
?´1;
Zω,θ,1(rk) = rk ¨eiπθ.
The same proof as in [65, Lemma 2.27] provides that E P AX is Zω,θ-semistable if
and only if one of the following conditions holds:
(1) E P AX,1;
(2) E P AX,1/2 and for any exact sequence
0Ñ F Ñ E Ñ G Ñ 0
in AX with F,G P AX,1/2, and argZω,θ(F) ď argZω,θ(G).
Thus the Harder-Narasimhan filtration for any E P AX is given by the exact sequence
(5.1.1) for the torsion pair and the Harder-Narasimhan filtration for any F is also
given by the exact sequence (5.1.1). 
5.1.2. Moduli stack of semistable objects in AX. We use the following big moduli stackxMX on AX counting perfect complexes satisfying certain conditions, see [40], [63].
Let us define xMX : (SchC)Ñ (groupoids)
to be the stack that sends
S ÞÑ tE |E P D(Coh(Xˆ S))|Condition*u/ –
where Condition* is: $’&’%
‚ E is relatively perfect;
‚ Es = Li˚s E P Db(Coh(X));
‚ Exti(Es, Es) = 0, i ă 0 for any s P S.
Then xMX is an Artin stack locally of finite type. We define a substackxM(AX) Ă xMX
to be the substack consisting of all S-valued point E P xM(S) such that Es P AX for
all the points s P S. Then we may write
(5.1.2) xM(AX) = ğ
vPΓ
xMv(AX)
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where xMv(AX) is the substack of objects E P AX such that cl(E) = v. Note here
that cl(E) = (Ch3(E), Ch2(E), Ch0(E)) P Γ, since we work on µr-gerbes X Ñ X.
In general the Chern character Ch should be taken as the orbifold Chern characterĂCh : K(X) Ñ H˚CR(X). Since H˚CR(X) = H˚(X)\ ¨ ¨ ¨ \ H˚(X), up to the action of µr
on E, cl(E) keeps the same on each component. Later on we only care about the first
component given by X-twisted sheaves.
Then xMv(AX) Ă xMX is an open immersion for v = (n, β, rk) P Γ with rk = 0 or
1; and xMv(AX) is an Artin stack locally of finite type.
Definition 5.6. Define xMn,β(ω, θ) Ă xMv(AX)
to be the stack of Zω,θ-semistable objects E P AX with cl(E) = v = (´n,´β, 1).
Here is a similar result as in [63, Proposition 5.4]:
Proposition 5.7. We have:
(1) The stack xMn,β(ω, θ) is an Artin stack of finite type.
(2) In the case θ Ñ 1, xMn,β(ω, θ) – [Pn(X, β)/C˚] which is the trivial C˚-gerbe.
(3) xMn,β(ω, θ) – xM´n,β(ω, 1´ θ)
is given by E ÞÑ RHom(E,OX).
(4) xMn,β(ω, 12) = H for |n| ąą 0.
Proof. We first recall the µ-limit stability of Toda in [65] and generalize it to µr-gerbes
X Ñ X. Let B+ iω P H2(X,C), where ω P H2(X,R) is an ample divisor. Then in
[65] Toda defined the so called µB+iω-limit stability on A
p
X. We recall it here. Let
σ = B+ iω P A(X)C = tB+ iω|ω ample u, and let
Zσ : K(X) Ñ C
be given by
(5.1.3) E ÞÑ ´
ż
X
e´(B+iω)Ch(E)
a
TdX P C.
Here we only use the original Chern character on X and therefore Toda’s arguments
in [65, §3], [66, §3] go through for sheaves on A
p
X for X. Then one can write down
Zσ(E) =
(
´vB3 (E) +
1
2
ω2vB1 (E)
)
+
(
ωvB2 (E)´
1
6
ω3vB0 (E)
)
i,
where
vB(E) = e´B Ch(E) ¨
a
tdX = (v
B
0 (E), v
B
1 (E), v
B
3 (E)) P Heven(X,R) – Heven(X,R).
Remark 5.8. The integration (5.1.3) may depend on the gerbe structure X.
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Then from [65, Lemma 2.20], for any nonzero E P ApX, and σm = B+ imω,
Zσm(E) P tρ ¨ eiπφ|ρ ą 0,
1
4
ă φ ă 5
4
u
for m ąą 0. Therefore
φσm(E) =
1
π
Im logZσm(E) P (
1
4
,
5
4
).
Then a nonzero E P ApX is called σ-limit stable (or σ-limit semistable) if for any
nonzero F Ĺ E, φσ(F) ă φσ(E), (or φσ(F) ď φσ(E)).
There is a lemma as in [65, Lemma 3.8]:
Lemma 5.9. For σ = B+ iω P A(X)C , E P Ap1/2, such that det(E) = OX, and Ch(E) =
(´1, 0, β, n). Let F P Cohď1(X). Then φσ(F) ă φσ(E), (or φσ(F) ą φσ(E)) if and only if
one of the following conditions holds:
(1) µσ(F) ă ´3Bω2ω3 , (resp. µσ(F) ą ´3Bω
2
ω3
).
(2) µσ(F) = ´3Bω2ω3 and ωvB2 (E)µσ(F) ă vB3 (E), (resp. ωvB2 (E)µσ(F) ą vB3 (E)).
Proof. This is from similar calculations of [65, Lemma 3.8]. 
Then from Lemma 5.9 we have: let B = kω, E[1] P ApX is µB+iω-limit semistable if
and only if E P Ap1/2 and
(1) for any one dimensional sheaf F ‰ 0, F ãÑ E[1] is in Ap1/2, we have
Ch3(F)
ω¨Ch2(F)
ď
´2k;
(2) if we have E[1] ։ G for G a one-dimensional object in A
p
1/2, we have
Ch3(G)
ω¨Ch2(G)
ě ´2k.
So following Toda, let
k =
#
1
2 tan(θ)
, θ ‰ 12 ;
0, θ = 12 .
Then from the above argument: For E P ApX[´1], E[1] P A
p
X is µkω+iω-semistable if
and only if E P AX and E is Zω,θ-semistable such that cl(E) = v = (´n,´β, 1) P Γ.
Proof of the proposition now can be done using the same method of Toda. [66,
Proposition 3.17] showed that xMn,β(ω, θ) is an open substack of the stack xMX,
hence an Artin stack locally of finite type. When θ Ñ 1, the stack xMn,β(ω, θ) =
[Pn(X, β)/C˚] comes from [66, Theorem 3.21] and [65, Theorem 4.7]. We omit the
details. All of the results in (3), (4) are from [65, Lemma 2.28] and [66, Lemma
4.4]. 
5.1.3. Counting invariants and wall crossing. We define the counting invariants in the
abelian category AX. If xMn,β(ω, θ) = [xMn,β(ω, θ)/C˚ ] is the moduli stack of Zω,θ-
stable E P AX satisfying cl(E) = (´n,´β, 1), we define
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Definition 5.10.
DTn,β(ω, θ) = χ(xMn,β(ω, θ), νxM),
is the weighted Euler characteristic, where νxM is the Behrend function.
Our goal is to count the semistable objects in AX. We use Joyce-Song method to
consider the Hall algebra
H(AX) = K(St /xMX)
with ‹-product. We use the definition of Hall algebra of Joyce and Bridgeland [8].
First for a pair (n, β) P Γ0, let Mn,β(ω) Ă xMX be the substack parametrizing Zω-
semistable E P Cohď1(X) such that the data is given by [E] = β and
ş
X Ch(E) ¨TdX =
n. This is an open substack of finite type.
The elements in the Hall algebra H(AX) are given bypδn,β(ω) = [Mn,β(ω) iãÑ xMX]
where i sends E to E[´1] P AX, andpδn,β(ω, θ) = [ xMn,β(ω, θ) Ñ xMX].
We have its logarithm: pǫn,β(ω, θ) =ÿ
ℓě1,1ďeďℓ
(ni,βi)PQ‘H2(X,Q)
n1+¨¨¨+nℓ=n
β1+¨¨¨+βℓ=β
Zω,θ(´ni,´βi)PRą0e
iπθ ,i‰e
(´1)ℓ´1
ℓ
pδn1,β1(ω) ‹ ¨ ¨ ¨ ‹ pδne´1,βe´1(ω) ‹ pδne,βe(ω, θ) ‹ ¨ ¨ ¨ ‹ pδnℓ,βℓ(ω)
Definition 5.11. Define
DTn,β(ω, θ) = lim
tÑ1
(t2 ´ 1)Pt(´ν ¨ pǫn,β(ω, θ))
Here
(1) ν : H(AX) Ñ H(AX) is the map by inserting the Behrend function given by
[Y
ρÝÑ xMX] ÞÑ ÿ
iPZ
i ¨ [ρ|Yi : Yi Ñ xMX]
where Yi = (νM ˝ ρ)´1(i).
(2) Pt : K(St /xMX) Ñ Q(t) is the map
Pt
(
[ρ : [Y/GLm(C)] Ñ xMX]) ÞÑ Pt([Y])
Pt([GLm(C)])
and Pt([Y]) is the Poincare´ polynomial of the quasi-projective variety Y.
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5.1.4. Limit stable invariants Ln,β. As in [63], we define
Definition 5.12. Define
Ln,β := DTn,β(ω, θ =
1
2
).
We have the following fact:
(1) When θ Ñ 1, DTn,β(ω, θ) = Pn,β;
(2) Ln,β = L´n,β and they are zero when |n| ąą 0.
5.1.5. Rank zero invariants Nn,β. In the category of Cohě1(X), recall that we havepδn,β(ω) = [Mn,β(ω) iãÑ xMX]
where i sends E to E[´1] P AX, we define
pǫn,β(ω) = ÿ
ℓě1,1ďiďℓ
(ni,βi)PQ‘H2(X,Q)
n1+¨¨¨+nℓ=n
β1+¨¨¨+βℓ=β
Zω(´ni,´βi)=Zω(´n,´β)
(´1)ℓ´1
ℓ
pδn1,β1(ω) ‹ ¨ ¨ ¨ ‹ pδnℓ,βℓ(ω)
Definition 5.13. Define
Nn,β(ω) = lim
tÑ1
(t2 ´ 1)Pt(´ν ¨ pǫn,β(ω)).
The invariants Nn,β(ω) counts rank zero Zω-semistable coherent sheaves in
Cohď1(X). From [63, Lemma 4.8], it is independent to the choice of ω and we just
use Nn,β := Nn,β(ω).
5.1.6. Wall-crossing formula of Toda. The wall crossing formula of Toda in [63,
Theorem 5.7] and [64, Theorem 5.8, Theorem 8.10] works for coherent sheaves and
stable pairs [OX Ñ F] on X. For this we let
DT(ω, θ) :=
ÿ
n,β
DTn,β(ω, θ)q
ntβ
be the generating series for 0 ă θ ă 12 . The wall and chamber structure for weak
stability conditions are given by [64, §5.1]. It is defined in a subset V Ă StabΓ‚(DX)
introduced in [64, §5.1]. Then we have the limit:
DT(ω, φ˘) := lim
θÑφ˘0
DT(ω, θ).
The following result is from [64, Theorem 5.8, Theorem 8.10] and [63, Theorem 5.7].
Theorem 5.14. Let 0 ă φ ă 12 , then we have the wall crossing formula:
DT(ω, φ+) = DT(ω, φ´) ¨
ź
ną0,βą0
´n+(ω¨β)iPRą0e
iπφ
exp((´1)n´1nNn,βqntβ)
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Proof. Since we work on the category AX of objects in the derived category of
coherent sheaves on the gerbe X, and from [58], the category of coherent sheaves
on X is isomorphic to the category of twisted sheaves on the rigidified inertia stack
X \ ¨ ¨ ¨ \ X by some C˚-gerbe determined by the µr-gerbe X. The category of
C˚-gerbe twisted sheaves is equivalent [17] to untwisted sheaves on X \ ¨ ¨ ¨ \ X.
Therefore the method of Toda in [64, Theorem 5.8, Theorem 8.10] work in this case
and we get the wall-crossing formula. 
Corollary 5.15. we have
(5.1.4) PT(X) =
ź
ną0,βą0
e(´1)
n´1nNn,βq
ntβ ¨

ÿ
n,β
Ln,βq
ntβ

 .
Proof. Proposition 5.7 tells us that
lim
θÑ1
DT(ω, θ) = PT(X).
The elements F P Cohď1(X) such that Zω,1/2(F[´1]) P Rą0
?´1 will have χ(F) = 0.
Then the elements with phase 12 are pure dimensional one sheaves. The wall crossing
formula [64, Theorem 5.8, Theorem 8.10] tells us limθÑ 12
DT(ω, θ) = DT(ω, θ = 12) =ř
n,β Ln,βq
ntβ. Then the result is obtained by applying θ = 12 to θ = 1 from the
Theorem above. 
5.2. Decomposition formula for e´tale gerbes.
5.2.1. GW theory for µr-gerbes. The gerbe XÑ X is given by an element in H2(X, µr),
therefore is banded. We recall some results in [2] and [3, §6]. Let Kg(X, β) be the
moduli stack of twisted stable maps of genus g twisted curves to X of degree β P
H2(X,Q) = H2(X,Q). We borrow the following diagram from [3, Formula (41)]:
Kg(X, β)
t //
$$■
■■
■■
■■
■■
p
''
Pg
q1
//

Mg(X, β)

Mtwg
q
//Mg
where
(1) Mtwg is the moduli stack of prestable twisted curves of genus g;
(2) Mg is the moduli stack of prestable curves of genus g;
(3) qmaps a twisted curve to the underlying prestable curve;
(4) Mg(X, β) is the moduli space of stable genus g stable maps to X of degree β;
(5) The right vertical arrow is the forgetful morphism sending a stable map f :
C Ñ X to C;
(6) The stack Pg is defined as the fiber product;
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(7) The natural morphism
p : Kg(X, β) Ñ Mg(X, β)
sends a twisted stable map [ f : C Ñ X] to the underlying stable map [ f : C Ñ
X] between the coarse moduli spaces;
(8) The morphism Kg(X, β) ÑMtwg is defined by the forgetful morphism again;
(9) The morphism t is defined by the universal property of fiber product.
In [3, Proposition 5.1, Lemma 5.2], the authors show that t is e´tale and factors
through
Kg(X, β) Ñ Kg(X, β)( µr Ñ Pg
where Kg(X, β)( µr is the rigidification of Kg(X, β) and Kg(X, β) Ñ Kg(X, β)( µr is
a µr-gerbe. In [3, §6], the authors talked about the pushforward formula for virtual
fundamental classes.
Theorem 5.16. ([3, Theorem 6.8]) We have:
p˚[Kg(X, β)]
vir = r2g´1 ¨ [Mg(X, β)]vir .
We are working on the twisted stable maps to Xwithout marked points. Therefore
NGWg,β (X) :=
ż
[Kg(X,β)]vir
1 = r2g´1 ¨
ż
[Mg(X,β)]vir
1 =: r2g´1NGWg,β (X).
We let
FGW(X; u, v) =
ÿ
gě0
ÿ
β‰0
NGWg,β (X)u
2g´2vβ
and
FGW(X; u, v) =
ÿ
gě0
ÿ
β‰0
NGWg,β (X)u
2g´2vβ
be the generating function of Gromov-Witten invariants for X and X.
Theorem 5.17.
FGW(X; u, v) = r ¨ FGW(X; ru, v).
Proof. We calculate
FGW(X; u, v) =
ÿ
gě0
ÿ
β‰0
NGWg,β (X)u
2g´2vβ
=
ÿ
gě0
ÿ
β‰0
r2g´1NGWg,β (X)u
2g´2vβ
= r ¨
ÿ
gě0
ÿ
β‰0
NGWg,β (X)(ru)
2g´2vβ
= r ¨ FGW(X; ru, v).

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5.2.2. Gopakumar-Vafa invariants and the formula of Toda. The GW invariants NGWg,β (X)
and NGWg,β (X) defined above are rational numbers. From Gopakumar-Vafa [13],
we have the following integrality conjecture which gives the Gopakumar-Vafa
invariants. This is given by string duality between type IIA string theory and M-
theory.
Conjecture 5.18. (Gopakumar-Vafa conjectural invariants) There exist integers n
β
g P Z, for
g ě 0 and β P H2(X,Z) such thatÿ
gě0,βě0
NGWg,β (X)u
2g´2tβ =
ÿ
gě0,βą0
kPZě1
n
β
g
k
(
2 sin
(
ku
2
)2g´2)
tkβ.
We recall the GW/PT-correspondence in [51], [46]. Let
ZGW(X; u, t) := exp(FGW(X; u, t)) = 1+
ÿ
β‰0
ZGW(X; u)βt
β.
Then the GW/PT-correspondence is given by:
(5.2.1) ZGW(X; u, t) = ZPT(X; q, t),
for q = ´eiu. Here
ZPT(X; q, t) = PT(X)
1 = 1+
ÿ
β‰0
PT(X)1β
and PT(X)1 =
ř
β‰0
ř
nPZ Pn,β(X)q
ntβ. Let us define
PT(X) :=
ÿ
βě0
ÿ
nPZ
Pn,β(X)q
ntβ = 1+
ÿ
βą0
PTβ(X)
for PTβ(X) =
ř
nPZ,βą0 Pn,β(X)q
ntβ. [63, Conjecture 6.2] made the following
conjecture:
Conjecture 5.19. There exist integers n
β
g P Z, for g ě 0 and β P H2(X,Z) such that
(5.2.2)
PT(X) =
ź
βą0

 8ź
j=1
(1´ (´q)jtβ)jnβ0 ¨
8ź
g=1
2g´2ź
k=0
(1´ (´q)g´1´ktβ)(´1)
k+g¨n
β
g
(
2g ´ 2
k
)
 .
For a µr-gerbe X Ñ X, the GW potential of X is related to PT(X) through the GW
potential of X by:
Proposition 5.20. Let ZGW(X; u, t) := exp(FGW(X; u, t)). Then we have
ZGW(X; u, t) = (ZGW(X; ru, t))
r .
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Proof. This is calculated by
ZGW(X; u, t) = exp(FGW(X; u, t))
= exp(r ¨ FGW(X; ru, t))
= (ZGW(X; ru, t))
r .

5.3. Multiple cover formula. In this section we fix X to be a smooth projective
Cababi-Yau threefold; and p : XÑ X a µr-gerbe.
Recall the wall crossing formula (5.1.4) in Corollary 5.15. If the gerbe X Ñ X is
trivial, or we just count the stable pairs [OX Ñ F] for the generating sheaf Ξ =
OX, then the wall crossing Formula (5.1.4) is just the same as Toda’s formula in [63,
Formula (66)] based on the following:
Proposition 5.21. If the gerbe X Ñ X is trivial, then every coherent sheaf on X is pulled
back from its coarse moduli space X.
We follow [63, §6.2] to derive the multiple cover formula. First take logarithm of
RHS of (5.2.2) yields:
log
ź
βą0

 8ź
j=1
(1´ (´q)jtβ)jnβ0 ¨
8ź
g=1
2g´2ź
k=0
(1´ (´q)g´1´ktβ)(´1)
k+g¨n
β
g
(
2g ´ 2
k
)

(5.3.1)
=
ÿ
βą0
8ÿ
j=1
j ¨ ng0
ÿ
kě1
(´1)jk´1
k
qjktkβ +
ÿ
βą0
8ÿ
g=1
ÿ
aě1
n
β
g
a
2g´2ÿ
k=0
(
2g ´ 2
k
)
(´(´q)a)g´1´ktaβ
=
ÿ
βą0
8ÿ
n=1
ÿ
kě1
k|(β,n)
(´1)n´1n
k2
n
β/a
0 q
ntβ +
ÿ
βą0
8ÿ
g=1
ÿ
aě1
a|β
n
β/a
g
a
fg(´(´q)a)tβ,
where
fg(q) :=
2g´2ÿ
k=0
(
2g ´ 2
k
)
qg´1´k = q1´g(1+ q)2g´2.
The second term is a polynomial in q˘1 and is invariant under qØ 1q .
Now we take the logarithm of Formula (5.1.4) :
log(PT(X)) =
ÿ
βą0
ÿ
ną0
(´1)n´1n ¨Nn,βqntβ + log

ÿ
n,β
Ln,βq
ntβ

 .(5.3.2)
Here we write: ÿ
βą0
Lβ(q)t
β := log

ÿ
n,β
Ln,βq
ntβ

 .
Then we equal these two formula (5.3.1) and (5.3.2) and get:
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(5.3.3)
ÿ
ną0
(´1)n´1nNn,βqn =
8ÿ
n=1
ÿ
kě1
k|(β,n)
(´1)n´1n
k2
n
β/k
0 q
n
and
(5.3.4) Lβ(q) =
8ÿ
g=1
ÿ
aě1
a|β
n
β/a
g
a
fg(´(´q)a).
Formula (5.3.3) gives the mutiple cover formula:
Conjecture 5.22.
Nn,β =
ÿ
kě1
k|(β,n)
1
k2
n
β/k
0
where N1,β = n
β
0 . This conjecture is equivalent to Conjecture 5.19, and n
β
g for
g ě 1 are written down by the invariants Ln,β. Since we don’t need the higher
genus Gopakumar-Vafa invariants in this paper, we may leave the study the these
invariants in the future.
6. MULTIPLE COVER FORMULA FOR TWISTED K3 SURFACES
In this section we prove a multiple cover formula for counting semistable sheaves
in the category of twisted sheaves on a twisted K3 surface. Let S be a smooth
projective K3 surface. We let p : Sα Ñ S be an optimal µr-gerbe, which means
that the order of the corresponding [α] P H2(S,O˚S)tor in the cohomological Brauer
group is r. The pair (S, α) or the gerbe Sα is called a twisted K3 surface.
6.1. KKV formula for K3 surfaces and the theorem of Maulik-Thomas. Let us
recall how Maulik-Thomas [45] prove the multiple cover formula for K3 surfaces.
Let X := SˆC be the local K3 surface. Let ι : S Ñ X be the inclusion and
Nredg,β :=
ż
[Mg(X,ι˚β)]vir
1
e(Nvir)
be the reduced connected residue GW invariants of X by C˚-localization. We write
its generating series in terms of “BPS” form as in Conjecture 5.18:
ZredGW(X; u, t) =
ÿ
gě0,β‰0
Nredg,β (X)u
2g´2tβ =
ÿ
gě0,β‰0
n
β
gu
2g´2
ÿ
ką0
1
k
(
sin(ku/2)
u/2
)2g´2
tkβ.
The Gopakumar-Vafa invariants n
β
g are in fact integers ng,h P Z which depend only
on h and ż
S
β2 = 2h´ 2.
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These invariants are nonzero only for 0 ď g ď h and are determined by the KKV
formula
(6.1.1)
ÿ
gě0
ÿ
hě0
(´1)gng,h(y
1
2 ´ y´ 12 )2gqh =
ź
ně1
1
(1´ qn)20(1´ yqn)2(1´ y´1qn)2 .
This KKV formula is proved in [52]. In [45], Maulik-Thomas prove the following
result:
Theorem 6.1. ([45, Theorem 6.3])
ZredGW(X; u, t) = Z
red
PT (X; q, t) = ´ log(1+ ZχPT(X; q, t)) = ´ log(1+ ZnaPT(X;´q, t))
after q = e´iu and ZnaPT(X;´q, t) is the generating series of the naive Euler characteristic of
the stable pair moduli spaces.
The KKV formula of [52] implies that the PT-stable pairs generating series
Z
χ
PT(X; q, t) satisfies the “BPS rationality” condition, and Toda [63, Theorem 6.4]
shows that the “BPS rationality” condition is equivalent to the multiple cover
formula (5.22). Thus we obtain:
Proposition 6.2 ([45]). The multiple cover formula Conjecture 5.22 holds for K3 surfaces.
6.2. Category of twisted sheaves on X = SˆP1. We let X := SˆC be the local K3
surface, and X = SˆP1. We have
H2(SˆP1, µr) – H2(S, µr)‘ H2(P1, µr) – H2(S, µr)‘Zr.
LetS := Sα Ñ S be an optimal µr-gerbe for α P H2(S, µr). Then
p : X := SˆP1 Ñ SˆP1
is a µr-gerbe given by the class α P H2(S, µr) ãÑ H2(SˆP1, µr), which is also optimal.
Let
X
π //
p

P1
SˆP1
;;✇✇✇✇✇✇✇✇✇
be the projection. The gerbe twisted sheaves were introduced in [41], and was
reviewed in [28, §3]. We consider X-twisted sheaves on X = SˆP1.
Proposition 6.3. Any α-twisted coherent sheaf E on X is tensor product of a pullback α-
twisted sheaf on S and a coherent sheaf on P1.
Proof. Let πS : X Ñ S be the projection. Since α P H2(S, µr) ãÑ H2(X, µr), from the
definition of twisted sheaves in [28, §3.1], we have a commutative diagram:
µr ˆ E //
χ

E
id

C˚ ˆ E // E
HIGHER RANK S-DUALITY FOR K3 SURFACES 41
where χ : µr Ñ C˚ is the inclusion. Since any coherent sheaf E = π˚SE1 b π˚E2 for
E1 and E2 are coherent sheaves onS and P
1, the gerbe structure implies that µr only
acts on π˚SE1. Hence E1 defines a S-twisted sheaf on S. 
We define
Cohtwπ (X) Ă Coh(X)
to be the subcategory of gerbe α-twisted sheaves on X supported on the fiber of π,
and let
DS0 := D
b(Cohtwπ (X))
be the corresponding derived category. As in [62, Definition 2.1], we define
D := xπ˚ Pic(P1), Cohtwπ (X)ytr Ă Db(Cohtw(X))
to be the triangulated category.
6.2.1. Twisted Chern character. We introduce the twisted Chern character on S and
twisted Mukai pairs. Let us first review the Brauer-Severi variety. The gerbe α P
Br1(S), which is the same as Br(S). Thus it determines a projective bundle P Ñ S of
rank r´ 1. We have a vector bundle G over P is defined by the Euler sequence
0Ñ OP Ñ G Ñ TP/S Ñ 0
of the projective bundle PÑ S.
Yoshioka [70] defined the subcategory Coh(S; P) Ă Coh(P) of coherent sheaves
on P to be the subcategory of sheaves
E P Coh(S; P)
if and only if
E|Pi – p˚(Ei)bOPi(λi)
where tUiu is an open covering of X, Pi = Ui ˆPr´1, Ei P Coh(Ui); and there exists
an equivalence:
Coh(S; P)
–ÝÑ Coh(S, α)
by
E ÞÑ p˚(Eb L_).
Here α = o([X]) P H2(X,O˚X)tor is the image of the µr-gerbe [S]. The line bundle
L P Pic(P) is the line bundle with the property that
L|p´1(x) = Op´1(x)(´1),
and Coh(S, α) is the category of α-twisted coherent sheaves on S. We call E P
Coh(S; P) a P-sheaf.
A P-sheaf E is of dimension d if p˚E is of dimension d on S. Yoshioka defined the
Hilbert polynomial
PGE (m) = χ(p˚(G
_ b E)(m)) =
dÿ
i=0
αGi (E) ¨
(
m+ i
i
)
.
The stability and semistability can be defined using this Hilbert polynomial.
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There is an integral structure on H˚(S,Q) following Huybrechts-Stellari [17]. The
integer r is the minimal rank on S such that there exists a rank r S-twisted locally
free sheaf E on the generic scheme S. Recall that x, y the Mukai pairing on H˚(S,Z).
Definition 6.4. For a P-sheaf E, define a Mukai vector of E as:
vG(E) :=
Ch(Rp˚(EbG_))a
Ch(Rp˚(G bG_))
?
tdS = (rk, ζ, b) P H˚(S,Q),
where p˚(ζ) = c1(E)´ rk(E) c1(G)rk(G) , b P Q.
One can check that
xvG(E1), vG(E2)y = ´χ(E1, E2).
We define for ξ P H2(S,Z), an injective homomorphism:
T
´ ξ2
: H˚(S,Z) ÝÑ H˚(S,Q)
by
x ÞÑ e´ ξ2 ¨ x
and T
´ ξ2
preserves the bilinear form x, y. The following result is from [70, Lemma
3.3].
Proposition 6.5. ([70, Lemma 3.3]) Let ξ P H2(S,Z) be a representation of ω(G) P
H2(S, µ2), where rk(G) = 2. Set
(rk(E),D, a) := e
ξ
2 ¨ vG(E).
Then (rk(E),D, a) P H˚(S,Z) and D mod 2 = ω(E).
In [16], Huybrechts and Stellari defined a weight 2 Hodge structure on the lattice
(H˚(S,Z), x, y) as:$’’’&’’’%
H2,0(H˚(S,Z)bA1κ) := T´1´ ξ2 (H
2,0(S));
H1,1(H˚(S,Z)bA1κ)) := T´1´ ξ2 (‘
2
p=0H
p,p(S));
H0,2(H˚(S,Z)bA1κ)) := T´1´ ξ2 (H
0,2(S)).
and this polarized Hodge structure is denoted by(
H˚(S,Z), x, y,´ξ
2
)
.
From [70, Lemma 3.4], this Hodge structure
(
H˚(S,Z), x, y,´ ξ2
)
depends only on the
Brauer class o([ξ mod 2]), where o(ξ) is the image under the map o : H2(S, µ2) Ñ
H2(S,O˚S).
Definition 6.6. For the projective bundle P Ñ S and G the locally free P-sheaf. Let ξ P
H2(S,Z) be a lifting of ω(G) P H2(S, µ2), where rk(G) = 2.
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(1) Define an integral Hodge structure of H˚(S,Q) as:
T
´ ξ2
((
H˚(S,Z), x, y,´ξ
2
))
.
(2) v = (rk, ζ, b) is a Mukai vector if v P T
´ ξ2
(H˚(S,Z)) and ζ P Pic(S) b Q.
Moreover, if v is primitive in T
´ ξ2
(H˚(S,Z)), then v is primitive.
Now we let
cl0 : K(D
S
0 )
πS˚ÝÑ K(S) ChÝÑ Γ0
with
Γ0 = rH(S,Q)X rH1,1(S) = Q‘NS(S)‘Q
and πS˚E P K(S). The twisted Mukai vector is given by:
(6.2.1) vG : K(D
S
0 )
πS˚ÝÑ K(S) vGÝÑ Γ0.
We have the general Chern character:
Ch : K(X) Ñ H˚(X,Q).
Let
Γ := H0(X,Q)‘ (Γ0 b H2(P1,Q)) Ă H˚(X,Q).
Then
cl = Ch : K(D) Ñ Γ = Q‘ Γ0
and every element in Γ can be written as: v = (R, r, β, n), where R, r are integers and
β P NS(S). For any E P D, we have:
cl(E) = (Ch0(E), Ch1(E), Ch2(E), Ch3(E)).
Here Ch3(E) P Q since we work on H˚(X,Q). The rank of v is rk(v) = R and
Ch1(E) = c1(E) = r ¨ [S] and r is an integer.
6.2.2. Moduli stack of twisted sheaves. In [70], the moduli stackMP,GH,ss(v) (orM
P,G
H,s (v))
of G-twisted semistable (or stable) P-sheaves E with vG(E) = v is defined. Let
MP,GH,ss(v) (or M
P,G
H,s (v)) be its coarse moduli space. The moduli stack N
P,G
H,ss(v) (or
N P,GH,s (v)) of G-twisted semistable (or stable) Higgs P-sheaves (E, φ) with vG(E) = v
is similarly defined, where E is a G-twisted P-sheaf and
φ : p˚E Ñ p˚(E)b KS
is the Higgs field. This makes sense since p˚(E b L_) is a G-twisted sheaf on S. Let
NP,GH,ss(v) (or N
P,G
H,s (v)) be its coarse moduli space.
On the other hand, for the optimal µr-gerbe S Ñ S, using geometric stability as
in [41], reviewed in [28, §3] Lieblich defined the moduli stack of Ms,twS (v) of stable
S-twisted sheaves with Mukai vector v. We have the following result:
Theorem 6.7. The natural map Ms,twS (v) ÑMP,GH,s (v) is a µr-gerbe.
6.3. The invariants N(vG), J(vG).
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6.3.1. The heart of a bounded t-structure on DS0 and on D. We first recall the geometric
stability of α-twisted sheaves on S Ñ S or X Ñ X = S ˆ P1. We present twisted
sheaves on X, the case ofS is similar. The geometric Hilbert polynomial of a twisted
sheaf E is defined as:
Pg(E,m) = χg(EbOX(m))
where χg(E) := [IX : X]deg(Ch(E) ¨ TdX). The geometric Hilbert polynomial can
be written as:
Pg(E,m) =
dim(E)ÿ
i=0
ai(E)
mi
i!
.
The rank is defined as:
rk(E) =
ad(E)
ad(OX)
and deg(E) := ad´1(E)´ rk(E) ¨ ad´1(OX). The slope is:
µ(E) =
deg(E)
rk(E)
.
Since we are interested in twisted sheaves E, where the µr action on E is given by λ
1-
action. By Grothendieck-Riemann-Roch theorem for DM stacks, for a twisted sheaf
on S,
(6.3.1) µ(E) =
ş
S c1(E)p
˚ω
rk(E)
,
where ω is an ample divisor on S (usually take ω = OS(1)).
On the category Cohtwπ (X), for an element E such that
cl0(E) = (r, β, n) P Z‘NS(S)‘Q
the Hilbert polynomial Pg(E,m) and the slope µ(E) is defined before. Then an object
E P Cohtwπ (X) is called Gieseker (semi)stable and µω-(semi)stable if for any subsheaf
F Ĺ E, pg(F,m) ă (ď)pg(E,m), µ(F) ă (ď)µ(E) respectively. Here pg is the reduced
Hilbert polynomial. As in [62, §2.5], for the µω-stability on Coh
tw
π (X), we have the
Harder-Narasimhan filtration
0Ñ E0 Ă E1 Ă ¨ ¨ ¨ Ă Eℓ = E
for E P Cohtwπ (X) which satisfies
µω(E1/E0) ą ¨ ¨ ¨ ą µω(Eℓ/Eℓ´1).
Using this we construct a torsion pair. Let
µω,+ := µω(E1/E0); µω,´ := µω(Eℓ/Eℓ´1).
Definition 6.8. Define (Tω,Fω) to be the torsion pair of full subcategories in Coh
tw
π (X) as:
Tω := tE P Cohtwπ (X)|µω,´(E) ą 0u
and
Fω := tE P Cohtwπ (X)|µω,+(E) ď 0u.
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Then the pair (Tω,Fω) is a torsion pair in the sense that:
(1) Any T P Tω, F P Fω, we have Hom(T, F) = 0;
(2) For any E P Cohtwπ (X), there exists an exact sequence
0Ñ T Ñ E Ñ F Ñ 0
such that T P Tω, and F P Fω.
Let
Bω := xFω, Tω[´1]yex Ă DS0
be the tilting in [15]. Then Bω is the heart of a bounded t-structure on D
S
0 . We
remark that Btω is the same as Bω for t ą 0.
Proposition 6.9. Define
Aω := xπ˚ Pic(P1),Bωyex Ă D
then Aω is the heart of a bounded t-structure on D.
Proof. The argument is the same as [62, Proposition 2.9]. 
6.3.2. Toda’s weak stability condition on DS0 and D. Recall we have Toda’s weak
stability condition as in Definition 5.4. For our Γ = Z‘ Γ0, let
0 = Γ´1 Ă Γ0 Ă Γ1 = Γ
be the filtration. For ω an ample divisor on S and t P Rą0, let
Ztω P
1ź
i=0
Hom(Γi/Γi´1,C)
be given by: #
Ztω,0(v) :=
ş
S e
´itωv, v P Γ0;
Ztω,1(R) = R
?´1, R P Γ1/Γ0 = Z.
Then [62, Lemma 3.4] says that
σtω := (Ztω,Aω)
is a weak stability condition. This can be checked that [62, §8.2] works for sheaves in
Db(Cohtwπ (X)) and D. The wall and chamber structure and some comparison with
µiω-limit semistable objects are in [62, §3.4, §3.5].
6.3.3. Hall algebra H(Aω) and counting invariants. The Hall algebra H(Aω) for the
abelian categoryAω is defined in [8]. The stable pair invariants of [51] can be defined
on Aω Ă D as in §3.1, and Toda proves a wall crossing formula for the stable pair
invariants. Here we only care about the rank zero invariants.
Let xM(Aω) be the stack of objects in Aω, and
Mtω(v) Ă xM(Aω)
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the substack parametrizing Ztω-semistable objects E P Aω and cl(E) = v P Γ with
rk(v) ď 1. Then the moduli stack gives an element
δtω(v) := [Mtω(v) ãÑ xM(Aω)] P H(Aω).
As in Joyce [30], let
(6.3.2) ǫtω(v) :=
ÿ
ℓě1,v1+¨¨¨+vℓ=v
viPΓ
argZtω(vi)=argZtω(v)
(´1)ℓ´1
ℓ
δtω(v1) ‹ ¨ ¨ ¨ ‹ δtω(vℓ)
This sum is a finite sum [62, Lemma 4.8], and δtω(v) is well-defined. The proof is
from Bogomolov inequality for semistable sheaves. We define a morphism
Pq : H(Aω) Ñ Q(q 12 )
by the virtual Poincare´ polynomial as in Definition 5.11 with t replaced by q
1
2 . [31,
Theorem 6.2] shows that
(6.3.3) lim
q
1
2Ñ1
(q´ 1)Pq(ǫtω(v)) P Q
exists.
Definition 6.10. For v P Γ0, define
DT
χ
tω(v) := lim
q
1
2Ñ1
(q´ 1)Pq(ǫtω(1,´v))
for (1,´v) P Γ = Z‘ Γ0. This is the Euler characteristic version of the DT-invariants.
6.3.4. Counting rank zero invariants. [62, §4.6] uses the DT-invariants DT
χ
tω(v) to
recover the invariants Lβ,n of the limit stable objects and study the wall crossing
formula for the stable pair invariants on X. Since in this paper we don’t need this
PTtw(X), we leave this for later study.
To define the counting invariants in Aω and Aω[´1], let
C(Bω) := Im(cl0 : Bω Ñ Γ0).
From [62, Definition 4.17],
Definition 6.11. Define N(v) P Q for v P Γ0, to be
(1) If v P C(Bω),
N(v) = lim
q
1
2Ñ1
(q´ 1)Pq(ǫω(0, v));
(2) If ´v P C(Bω), then N(v) := N(´v);
(3) If ˘v R C(Bω), N(v) = 0.
This definition is the same as the invariants of Zω,0-semistable objects E P Bω
satisfying cl0(E) = v.
Remark 6.12. In the case of v = (0, β, n), the invariant N(0, β, n) in the above definition
is the same as the one we defined in (5.1.4).
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6.4. Twisted Hodge isometry. Let Stab˝Γ0(D
S
0 ) be the component in StabΓ0(D
S
0 )
containing the stability conditions (Ztω,0,Bω).
For the twisted K3 surfaceSα or (S, α), [20] has generalized Bridgeland [7] stability
conditions on K3 surface to twisted K3 surfaces; and proved that there exists a
component of maximal dimension
Stab˝(S, α) Ă Stab(S, α)
in Stab(S, α).
Theorem 6.13. We have
Ψ : Stab˝Γ0(D
S
0 )
„ÝÑ Stab˝(S, α).
Proof. We recall the stability condition Stab˝(S, α) Ă Stab(S, α) in [20]. We have
Z : Stab(S, α) Ñ NS(S, α)bC
given by:
σ ÞÑ (Z , Pσ)
where NS(S, α) = rH1,1(S, α,Z). Let P(S, α) Ă NS(S, α) b C be the open subset of
vectors ϕ such that the real part and imaginary part of ϕ generate a positive plane
in NS(S, α) bC. P(S, α) has two connected components and let P+(S, α) be the one
containing
ϕ = eB0+iω.
Here B0 P H2(S,Q) is a B-field lift of α, i.e.,
H2(S,Q) Ñ H2(S,O˚S)
by
B ÞÑ α = exp(B).
Let B1 P NS(S)bR and B := B1 + B0, then
ϕ = eB+iω P NS(S, α)bC
and
Zϕ(E) := xvG(E), ϕy.
This central charge Zϕ(E) determines a torsion pair (T ,F ), where T Ă Coh(S, α) is
given by twisted sheaves E such that every nontrivial torsion free quotient E ։ E1
satisfies Im(Zϕ(E1)) ą 0. F Ă Coh(S, α) is given by twisted sheaves E P F if E
is torsion free and every non-zero subsheaf E1 Ă E satisfies Im(Zϕ(E1)) ď 0. Then
every G P Coh(S, α) can be uniquely written as
0Ñ EÑ G Ñ F Ñ 0
for E P T , F P F . The heart of the induced t-structure is an abelian category:
A(ϕ) :=
$&%E P Db(Coh(S, α))
ˇˇˇˇ
ˇˇ ‚ H
i(E) = 0 for i R t´1, 0u
‚ H´1(E) P F
‚ H0(E) P T
,.-
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Then from [20, Lemma 3.4], let ϕ = eB+iω, the induced homomorphism
Zϕ : A(ϕ) Ñ C
is a stability function on A(ϕ) if and only if for any spherical twisted sheaf E P
Coh(S, α), Zϕ(E) R Rď0. From [20, Proposition 3.6], the pair (Zϕ,A(ϕ)) defines
a stability condition on Db(Coh(S, α)). Then let Stab˝(S, α) Ă Stab(S, α) be the
connected component of Stab(S, α) that contains the stability conditions described
above. Then since the category Cohtwπ can be taken as a family of K3 gerbes S Ñ S,
the same argument as in [62, Theorem 6.5] gives
Stab˝(DS0 )
θ˝ //
Z

Stab˝(S, α)
Z

NS(X)bC i˚ // NS(S)bC
We explain the notation:
θ : Stab(DS0 ) Ñ Stab(S, α)
is a map defined in [62, Proposition 5.1], and θ˝ is the restriction to Stab˝(DS0 ). Let
i : S ãÑ SˆP1 = X,
then i˚ : NS(X) Ñ NS(S) is the pullback. This diagram gives a homeomorphism
between Stab˝(DS0 ) and one of the connected components of Stab
˝(S, α) ˆNS(S)bC
NS(X). 
Now on the derived category DS0 , if we have a stability condition
σ = (Z ,A) P Stab˝Γ0(DS0 )
we define the invariants Nσ(v) P Q as the Euler characteristic version of the
generalized Donaldson-Thomas invaraints counting Z-semistable objects E P A or
A[´1] with cl0(E) = v in Definition 6.11.
Here is a result proved in [62, Theorem 4.21]:
Theorem 6.14. The counting invariants Nσ(v) do not depends on a choice of stability
condition σ P Stab˝Γ0(DS0 ) and Nσ(v) is also independent of ω.
Proof. The proof is the same as [62, Theorem 4.21] by using Joyce’s wall crossing
formula:
Nσ1(v) = Nσ0(v) +
ÿ
v1+v2=v
Uv1,v2χ(v1, v2)Nσ0(v) ¨Nσ1(v) + ¨ ¨ ¨ ¨ ¨ ¨
for some other terms (which involve product of χ(vi , vj)). Here σ0 and σ1 are two
different stability conditions and σ0 is close to σ1. It suffices to prove that χ(vi, vj) = 0
for any v1, v2 P Γ0. Letrv1 = (0, v1), rv2 = (0, v2) P Γ = Z‘ Γ0.
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Then by Grothendieck-Riemann-Roch theorem for stacks
χ(rv1, rv2) = χ(v1, v2) = 0
where v1, v2 are the corresponding Mukai vectors on S. 
6.4.1. Counting invariants on X := S ˆ C. To compare with the Vafa-Witten
invariants for local K3 surfaces or local K3 gerbes, we actually are interested in the
counting invariants on the open local gerby K3 X := SˆC. Let
Cohtwπ (X) Ă Cohtwπ (X)
be the subcategory consisting of sheaves supported on the fibers of π|X : X Ñ C.
Still let xM(X) be the stack of coherent twisted sheaves in Cohtwπ (X), which is an
Artin stack locally of finite type. LetAX := Coh
tw
π (X) and H(AX) the Hall algebra in
[8], which consists of elements over the stack xM(X). For v P Γ0, we let Mω,X(v) ĂxM(X) be the substack of ω-Gieseker semistable twisted sheaves E with vG(E) = v.
This gives an element:
δω,X(v) := [Mω,X(v) ãÑ xM(X)] P H(AX)
and define its “logarithm”:
ǫω,X(v) :=
ÿ
ℓě1,v1+¨¨¨+vℓ=v,viPΓ0
pω,vi=pω,v(m)
(´1)ℓ ´ 1
ℓ
δω,X(v1) ‹ ¨ ¨ ¨ ‹ δω,X(vℓ)
where pω,vi(m) is the reduced geometric Hilbert polynomial. The sum is a finite sum
and ǫω,X(v) is well-defined. Let
C(X) := Im(vG : Coh
tw
π (X) Ñ Γ0)
we define the invariants:
Definition 6.15. For v P Γ0, define the invariant J(v) P Q as follows:
(1) If v P C(X),
J(v) := lim
q
1
2Ñ1
(q´ 1)Pq(ǫω,X(v)).
(2) If ´v P C(X), J(v) := J(´v).
(3) If ˘v R C(X), J(v);= 0.
Remark 6.16. If vG(E) = v is primitive, then
J(v) = χ(Mtwω,X(v)) = [M
tw
ω,S(v)]ˆC
where Mtwω,S(v) is the moduli stack of S-twisted sheaves with Mukai vector v. From
Yoshioka [70], Mtwω,S(v) is deformation equivalent to the Hilbert scheme Hilb
1´
χ(v,v)
2 (S).
This is essential to the Vafa-Witten invariants calculations in [28].
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6.4.2. The comparison between N(v) and J(v). We also need to compare N(v) and J(v).
Similar to Definition 6.15, we can define the counting invariants
J(v) P Q
to be the invariants counting geometric ω-Gieseker semistable twisted sheaves E P
Cohtwπ (X) with vG(E) = v P Γ0. We have a generalization of [62, Theorem 4.24]:
Theorem 6.17. For any v P Γ0, we have:
J
(
v ¨
a
tdSa
Ch(Rp˚(G bG_))
)
= N(v)
Proof. We need to generalize [61, Theorem 6.6] to P-sheaves on Coh(S, P), where
PÑ S is the Brauer-Severi variety corresponding to the optimal gerbe SÑ S.
Recall the definition of N(v), given by a weak stability condition
σϕ = (Zϕ,A(ϕ)) P Stab˝Γ0(DS0 )
and N(v) is independent to the stability condition we choose. Here ϕ = eB+iω. Let
us take
σk = (Zkω ,Aω)
and ϕ = eB+ikω, and
Zϕ(E) = xeB+ikω, vG(E)y.
From Theorem A.12 in the Appendix, E P Bω is Zϕ-semistable with cl0(E) = v if
and only if E is Gieseker semistable with vG(E) = v ¨
?
tdS?
Ch(Rp˚(GbG_))
. 
Now we use Toda’s method to show that
Jω(v) = Jω(g(v))
for g a Hodge isometry on rH(S, α,Z). First on the gerbe X = SˆP1, we mimic the
definition of J(v) in Definition 6.15 to define J(v). This invariant is defined by:
δω,X = [M
tw
ω,X
(v) ãÑ Cohtwπ (X)] P H(AX)
and Mtw
ω,X
(v) is the moduli stack of ω-Gieseker semistable twisted sheaves E P
Cohtwπ (X) with cl0(E) = v.
For X = SˆP1, and each point p P P1, let
Up := XzXp
where Xp is the fiber of Sˆ C Ñ C over p. Denote by Mtwω,Z(v) Ă Mtwω,X(v) the
locus of E P Cohtwπ (X) such that supp(E) Ď Z for Z Ă X an open or closed substack.
Let
δω,Z(v) = [M
tw
ω,Z(v) ãÑ xM(X)] P H(AX)
and define ǫω,Z(v) accordingly. The following lemma is [62, Lemma 4.25].
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Lemma 6.18.
ǫω,X(v) = ǫω,Up(v) + ǫω,Xp(v)
Proof. Since the definition of ǫω,X(v), (resp. ǫω,Up(v), ǫω,Xp(v)) is given by δω,X (resp.
δω,Up, δω,Xp) by the logarithm with the same coefficients as before. The proof is the
same as [62, Lemma 4.5]. 
Lemma 6.19. We have:
J(v) = 2J(v).
Proof. The proof uses the Behrend function techniques in [32]. First the invariant
J(v) = χ(Mtw
ω,X
(v), νM)
is the weighted Euler characteristic of the coarse moduli space Mtw
ω,X
(v) of ω-
Gieseker semistable twisted sheaves, and νM is the Behrend function. If M
tw,p
ω,X
(v) Ă
Mtw
ω,X
(v) is the closed subscheme consisting of semistable twisted sheaves E with
supp(E) Ă Xp for p P P1, then from Lemma 6.18, the constructible function νM is
zero outside Xp, and we have:
M
tw,p
ω,X
(v) – Mtwω,X0(v)ˆP1
for X0 = S. Any g in the automorphism group Aut(P
1) sends a point p to q, and the
element ǫXp(v) is mapped to ǫXq(v) by g. Therefore
J(v) = χ(P1) ¨ χ(Mtwω,X0(v)ˆ t0u, νM)
and
J(v) = χ(C) ¨ χ(Mtwω,X0(v)ˆ t0u, νM).

So we have:
J
(
v ¨
a
tdSa
Ch(Rp˚(GbG_))
)
=
1
2
N(v),
from Theorem 6.17 and Lemma 6.19.
6.4.3. Automorphic property. Let G be the group of Hodge isometries
G := OHodge( rH(S, α,Z), (‹, ‹))
on the twisted K3 surface (S, α). We prove the automorphic property for J(v).
For two twisted K3 surfaces (S, α) and (S1, α1), we recall the twisted Fourier-Mukai
transform in [20], [17]. For the B-field B such that exp(B) = α; B-field B1 such that
exp(B1) = α1, we have (´B) ‘ B1 := p˚S(´B) + p˚S1(B1) P H2(S ˆ S1,Q), where pS :
SˆS1 Ñ S, and pS1 : SˆS1 Ñ S1 are projections and induce α´1 b α1 P H2(SˆS1,O˚).
Let E P Db(Sˆ S1, α´1 b α1) be a kernel, we have:
Φ : Db(S, α) Ñ Db(S1, α1)
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given by
E ÞÑ pS1˚(p˚S(E)b E ).
[17, Proposition 4.3] implies that if Φ is a derived equivalence, then the induced map
Φ
B,B1
˚ : rH(S, α,Z) „ÝÑ rH(S1, α1,Z)
is a Hodge isometry of integral weight-2 Hodge structures, and
Φ
B,B1
˚ (´) = pS1˚p˚S
(
´ ¨Ch(E )
a
tdSˆS1
)
.
We have the following commutative diagram:
Db(Coh(S1, α1))
Φ //
vα1

Db(Coh(S, α))
vα
rH(S1, α1,Z) Φ˚ // rH(S, α,Z)
Therefore this equivalence Φ gives an isomorphism
ΦSt : Stab(S
1, α1)
„ÝÑ Stab(S, α)
on the stability manifolds. We have a similar proposition as in [62, Proposition 4.29].
Proposition 6.20. Let DS0 , Γ
S
0 , JS(v) be the invariants defined before for the twisted K3
surface (S, α). Assume that ΦSt sends the connected component Stab
˝(S1, α1) to Stab˝(S, α).
Then
JS1(v) = J(Φ˚(v))
for any v P ΓS10 .
Proof. First Φ induces an equivalencerΦ : Db(X1, α1) „ÝÑ Db(X, α)
and the kernel is:
E b O∆
P1
P Db(Coh(S1 ˆ SˆP1 ˆP1, α´1 b α1)).rΦ restricts to give the equivalence:
Φ : DS
1
0
„ÝÑ DS0 .
Thus we have a commutative diagram:
DS
1
0
Φ //
cl0
?
tdS1

DS0
cl0
?
tdS

Γ
S1
0
Φ˚ // ΓS0
Also from Theorem 6.13, Stab(DS0 )
„ÝÑ Stab(S, α), and
ΦSt : Stab
˝
Γ
S1
0
(DS
1
0 )
„ÝÑ Stab˝
Γ
S
0
(DS0 ).
HIGHER RANK S-DUALITY FOR K3 SURFACES 53
So from Theorem 6.17 and the diagram above, we have
JSα(Φ˚v) = Nσ(Φ˚v ¨
b
tdSα
´1
)
= NΦStσ1(Φ˚v ¨
b
tdSα
´1
)
= Nσ1(v ¨
b
tdSα1
´1
)
= JSα1 (v).

Corollary 6.21. Let g P G and v P Γ0, we have
J(gv) = J(v)
and hence
J(gv) = J(v).
6.4.4. Multiple cover formula. In [62, Conjecture 1.3], Let v P Γ0 be an algebraic class,
then the multiple cover formula for K3 surface is:
(6.4.1) J(v) =
ÿ
kě1
k|v
1
k2
χ(Hilbxv/k,v/ky+1(S))
which is the multiple cover formula Conjecture 5.22 for v = (0, β, n).
In the category Cohtwπ (X) of twisted sheaves on X Ñ X = S ˆ P1, given by the
cohomology class
α P H2(X, µr) – H2(S, µr),
if we forget about the µr-action, this is equivalent to the category Coh(S, α) of twisted
sheaves on the twisted K3 surface (S, α). Since a zero dimension sheaf E with
cl0(E) = (0, β, n) on S or on X is automatically S-twisted or X-twisted, the element
ǫω,X(v) is the same as
ǫω,X(v) =
ÿ
ℓě1,v1+¨¨¨+vℓ=v,viPΓ0
pω,vi=pω,v(m)
(´1)ℓ ´ 1
ℓ
δω,X(v1) ‹ ¨ ¨ ¨ ‹ δω,X(vℓ).
Therefore the invariants J(v) defined in the category Coh(S, α) or Coh(X, α) is the
same as JX(v) if v = (0, β, n). So we get:
Proposition 6.22. In the category Cohtwπ (X) of twisted sheaves, the multiple cover formula
is still (6.4.1).
7. TWISTED VAFA-WITTEN INVARIANTS AND S-DUALITY FOR K3 SURFACES
In this section we apply the multiple cover formula for twisted sheaves on twisted
K3 surface to calculate the higher rank twisted Vafa-Witten invariants for K3 gerbes
and the SU(r)/Zr-Vafa-Witten invariants. Thus we prove the Vafa-Witten conjecture
in [67] for K3 surfaces in any rank.
54 YUNFENG JIANG AND HSIAN-HUA TSENG
7.1. Twisted Vafa-Witten invariants counting semistable Higgs pairs. The theory
of twisted Vafa-Witten invariants has been constructed in [28] for µr-gerbes S Ñ S.
We review the construction of counting invariants of geometric semistable twisted
Higgs sheaves for K3 surfaces and use the invariants to calculate the higher rank
twisted Vafa-Witten invariants. We fix
X = SˆC = Tot(KS)Ñ X
which is a µr-gerbe over X = SˆC = Tot(KS).
Let (E, φ) be a S-twisted Higgs sheaf on a µr-gerbe SÑ S. From [23, Proposition
2.18], there is a spectral X-twisted sheaf Eφ on X = Tot(KS) with respect to the
polarization OX(1) = π
˚OS(1). Also the Gieseker (semi)stability of the twisted
Higgs pair (E, φ) is equivalent to the Gieseker (semi)stability of Eφ. Then we have
the Hall algebra H(Atw), where Atw = Cohtwπ (X) is the category of twisted sheaves.
We review a bit for the definition of the invariants JStw(v). We are interested in the
elements:
1
N ss,twα
: N ss,twα ãÑ HiggtwKS(S) – Coh
tw
c (X),
where N ss,twα is the stack of Gieseker semistable X-twisted Higgs sheaves (E, φ) of
class α, and 1
N ss,twα
is the inclusion into the stack of all twisted Higgs pairs on S. We
consider its “logarithm”:
(7.1.1) ǫ(α) :=
ÿ
ℓě1,(αi)
ℓ
i=1:αi‰0,@i
pαi=pα,
ř
ℓ
i=1 αi=α
(´1)ℓ
ℓ
1
N ss,twα1
˚ ¨ ¨ ¨ ˚ 1
N ss,twα
ℓ
.
The key point is that ǫ(α) is virtually indecomposable in the Hall algebra, see [30,
Theorem 8.7]. There is a proof using operators on inertia stacks, see [6]. Then the
ǫ(α) is a stack function with algebra stabilizers,
ǫ(α) P SFindal (Cohtwc (X),Q)
in Joyce’s notation. From [32, Proposition 3.4], ǫ(α) can be written asÿ
i
ai ¨ Zi ˆ BGm
where ai P Q, and BGm is the classifying stack. After removing the factor BGm one
can pull back the Behrend function to write:
(7.1.2) ǫ(α) :=
ÿ
i
ai
(
fi : Zi ˆ BGm Ñ Cohtwc (X)
)
.
Then [32, Eqn 3.22] defines generalized Donaldson-Thomas invariants
(7.1.3) JStwα (X) :=
ÿ
i
aiχ(Zi , f
˚
i ν) P Q
where ν : Mtw
X/κ Ñ Z is the Behrend function. This invariants are defined by
applying the integration map to the element ǫ(α) in (7.1.1). More details of the
integration map can be found in [33], [32] and [8]. For DM stacks, see [26].
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As explained in [57, §2], the Gm-action on XÑ S induces an action on the moduli
stack Mtw
X/κ of twisted sheaves on X. The Gm-action can be extended to the Hall
algebra H(Atw), and hence ǫ(α) carries a Gm-action covering the one on Coh
tw
c (X).
Also in the decomposition
ǫ(α) :=
ÿ
i
ai
(
fi : Zi ˆ BGm Ñ Cohtwc (X)
)
,
the Zi’s admit Gm-action so that they are Gm-equivariant and the proof uses Kresch’s
stratification of finite type algebraic stacks with affine geometric stabilizers. Then
the Behrend function is also Gm-equivariant, and
(7.1.4) JStwα (X) = (JS
tw
α (X))
Gm(X) =
ÿ
i
aiχ(Z
Gm
i , f
˚
i ν|ZGmi ) P Q
7.1.1. Joyce-Song twisted stable pairs. Fixing a K-group class α P K0(X) – K0(S), for
m ąą 0, a Joyce-Song twisted pair consists of the following data
(1) a compactly supported X-twisted coherent sheaf E with K-group class
α P K0(X), and
(2) a nonzero section s P H0(E(m)).
Definition 7.1. A Joyce-Song twisted pair (E , s) is stable if and only if
(1) E is Gieseker semistable with respect to OS(1).
(2) if F Ă E is a proper subsheaf which destabilizes E , then s does not factor through
F (m) Ă E(m).
For our µr-gerbe S Ñ S, X Ñ X is also a µr-gerbe. For any X-twisted coherent
sheaf E on X, we have Hě1(E(m)) = 0 for m ąą 0. This is because p˚ is an exact
functor, and we have
Hě1(p˚E(m)) = 0
for large m ąą 0. We then take P tw := P tw
(rk,L,c2)
(X) to be the moduli stack of X-
twisted stable Joyce-Song pairs
I‚ = tOX(´m) Ñ Eu
on X. The moduli stack P tw is not compact, but admits a symmetric obstruction
theory since we can take it as the moduli space of simple complexes on a Calabi-
Yau threefold DM stack X. The invariant we use is Behrend’s weighted Euler
characteristic rP tw
(rk,L,c2)
(m) := χ(P tw, νP). Under the Gm-action:
rP tw(rk,L,c2)(m) = rP tw,Gm(rk,L,c2)(m) = χ (PGm , νP |PGm) .
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For generic polarization, Joyce-Song invariants JStwα (X) P Q satisfy the following
identities [32, Theorem 5.27]:
(7.1.5) rP tw(rk,L,c2)(m) = ÿ
ℓě1,(αi=δiα)
ℓ
i=1:
δią0,
ř
ℓ
i=1 δi=1
(´1)ℓ
ℓ!
ℓź
i=1
(´1)χ(αi(m)) ¨ χ(αi(m)) ¨ JStwαi (X).
Since rP tw
(rk,L,c2)
(m) is deformation invariant, JStwα is also deformation invariant. For
general OS(1), the wall crossing formula is complicated as in [32, Theorem 5.27]. If
semistability coincides with stability for twisted sheaves E , the moduli stackP tw
(rk,L,c2)
is a Pχ(α(m))´1-bundle over the moduli stack N tw
(rk,L,c2)
of X-twisted torsion sheaves
E . The Behrend function νP of P
tw
(rk,L,c2)
(X) is the pullback of the Behrend function
on N tw
(rk,L,c2)
multiplied by (´1)χ(α(m))´1. Therefore:
(7.1.6) rP tw(rk,L,c2)(m) = (´1)χ(α(m))´1 ¨ χ(α(m)) ¨ Ăvw(rk,L,c2)(S)
which is the first term ℓ = 1 in (7.1.5). In general the formula expresses rP tw
(rk,L,c2)
(m)
in terms of rational corrections from semistable X-twisted sheaves E on X.
7.1.2. Generalized twisted SU(rk)-Vafa-Witten vw-invariants. For the µr-gerbe S Ñ S,
if h0,1(S) ą 0, then Ăvwtw defined before vanish because of the action of Jac(S). We
follow from [57] to fix the determinant det(E).
Let us fix a line bundle L P Pic(S), and use the map:
Cohtwc (X)
det ˝π˚ÝÑ Pic(S).
Let us define
Cohtwc (X)
L := (det ˝π˚)´1(L).
We can restrict Joyce’s stack function to this restricted category. For any stack
function F :=
(
f : U Ñ Cohtwc (X)
)
we define:
FL =
(
f : U ˆCohtwc (X) Coh
tw
c (X)
L Ñ Cohtwc (X)
)
which is 1Cohtwc (X)L
¨ F, where ¨ is the ordinary product [32, Definition 2.7]. Then ǫ(α)
in (7.1.2) becomes:
(7.1.7) ǫ(α)L :=
ÿ
i
ai
(
fi : Zi ˆCohtwc (X) Coh
tw
c (X)
L/Gm Ñ Cohtwc (X)
)
.
Then applying the integration map again and we get the fixed determinant
generalized Donaldson-Thomas invariants:
JSL,twα (X) :=
ÿ
i
aiχ
(
Zi ˆCohtwc (X) Coh
tw
c (X)
L, f ˚i ν
)
.
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We also compute it using localization:
(7.1.8) JSL,twα (X) = (JS
L,tw
α )
Gm(X) =
ÿ
i
aiχ
(
ZGmi ˆCohtwc (X) Coh
tw
c (X)
L, f ˚i ν
)
.
Definition 7.2. We define the twisted SU(rk) generalized Vafa-Witten invariants as:
vwtw(rk,L,c2)(S) := (´1)
h0(KS) JSL,tw
(rk,L,c2)
(X) P Q.
As explained in [57, §4], we did not restrict to the trace zero tr φ = 0, but in the
SU(rk)-moduli stack case we did. The difference is only a Behrend function sign
(´1)dimH0(KS). If h0,1(S) = 0 and OS(1) is generic, then the wall crossing formula
(7.1.5) becomes, see ([28, Formula (5.35)])
(7.1.9) rP twα (m) = ÿ
ℓě1,(αi=δiα)
ℓ
i=1:
δią0,
ř
ℓ
i=1 δi=1
(´1)ℓ
ℓ!
ℓź
i=1
(´1)χ(αi(m))+h0(KS) ¨ χ(αi(m)) ¨ vwtwαi (S).
If h0,1 ą 0, and OS(1) generic, we should use Joyce-Song pairs (E , s) with fixed
determinant
det(π˚E) – L P Pic(S).
Joyce-Song use the category Bpα before, and we apply the integration map
rΨBpα to:
ǫLα,1 := ǫα,1 ˆCohtwc (X) Coh
tw
c (X)
L
where ǫα,1 is the stack function (13.25), (13.26) in [32, Chapter 13]. Since ǫα,1 is
virtually indecomposable, we get
P twα=(rk,L,c2)(m) := χ(P
tw, νP),
where P tw := P twα is the moduli stack of stable Joyce-Song twisted pairs (E , s) with
det(π˚E) = L. Hence
(7.1.10) P twα (m) = P
Gm
α (m) = χ((P
tw)Gmα , νP |PGmα ).
For generic OS(1), we get ([57, Proposition 4.4]): if h
0,1(S) ą 0, the
invariants (P tw)Gmα (m) determines the twisted SU(rk)-Vafa-Witten invariants vw
tw
of Definition 7.2 by:
(7.1.11) P twα (m) = (´1)h
0(KS)(´1)χ(α(m))´1χ(α(m)) vwtwα (S).
Remark 7.3. The proof of (7.1.11) is the same as [57, Proposition 4.4], and the basic reason
is that if h0,1(S) ą 0, then the Jacobian Jac(S) is an abelian variety which acts on the moduli
stacks to force the Euler characteristic to be zero.
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7.2. Generalized twisted SU(rk)-Vafa-Witten invariantsVWtw. Fix a µr-gerbeSÑ
S, and the µr-gerbe XÑ X. In this section we generalize the arguments in [57, §6] to
twisted generalized SU(rk)-Vafa-Witten invariants VWtw.
For m ąą 0, fixing α = (rk, L, c2), L P Pic(S), the Joyce-Song twisted pair (E , s)
is defined in §7.1.1, where E is a X-twisted sheaf on X corresponding to a S-twisted
Higgs sheaf (E, φ) on S. Let
PK,twα Ă P twα
be the moduli stack of twisted stable pairs with det(E)det(π˚E) = L, tr φ = 0.
On P twα , there is a symmetric obstruction theory, see [32, Chapter 12]. The tangent-
obstruction complex is given by: RH omX(I
‚, I‚)0[1] at the point I
‚ = tOX sÝÑ Eu.
By [56, §5], or [25, Appendix] we can modify it to a symmetric obstruction theory on
PK,twα . Actually we have:
RH omX(I
‚, I‚) = RH omX(I
‚, I‚)K ‘ H˚(OX)‘ Hě1(OS)‘ Hď1(KS)[´1],
where we actually removed the deformation-obstruction theory of det(I‚) – OX,
of det(π˚E) – OS and of tr φ P Γ(KS). Since R. Thomas mentioned that this can
be done in families, we will write it down in the Appendix about the symmetric
obstruction theory.
We apply the Gm-virtual localization [11] to define:
Definition 7.4.
PK,twα (m) :=
ż
[(PK,twα )Gm ]vir
1
e(Nvir)
.
We mimic [57] to conjecture:
Conjecture 7.5. ([28, Conjecture 5.10]) If H0,1(S) = H0,2(S) = 0, there exist rational
numbers VWtwαi (S) such that
PK,twα (m) =
ÿ
ℓě1,(αi=δiα)
ℓ
i=1:
δią0,
ř
ℓ
i=1 δi=1
(´1)ℓ
ℓ!
ℓź
i=1
(´1)χ(αi(m)) ¨ χ(αi(m)) ¨VWtwαi (S).
for m ąą 0. When either of H0,1(S) or H0,2(S) is nonzero, we only take the first term in the
sum:
PK,twα (m) = (´1)χ(α(m))´1 ¨ χ(α(m)) ¨VWtwα (S).
This conjecture is similar to Conjecture 6.5 in [57].
We use the techniques for X = S ˆ C and Y = S ˆ E developed in §3 and
§4 to prove this conjecture for K3 gerbes. First we can use the same techniques
in §3 and §4 to Joyce-Song pairs on X and Y with charge class c which is the
pushforward from a K3 gerbe fiber S. So similar to the arguments in [45, Page
18], and the arguments of Behrend function in §4, we patch the Joyce-Song twisted
pairs whose underlying sheaves have the same reduced Hilbert polynomials. The
local isomorphisms of twisted Joyce-Song pairs on Sˆ C and Sˆ E induces local
isomorphisms of PK,twc (X) and P
K,tw
c (Y)/E, and the symmetric perfect obstruction
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theory on PK,twc (X) and Oberdieck’s reduced obstruction theory on P
K,tw
c (Y)/E is
identified. Then the same degeneration formula in [39], [71] gives:
Proposition 7.6. We have:
(7.2.1)
ÿ
c
PK,twc (m)q
c = ´ log
(
1+
ÿ
c
rP twc (m)qc
)
where the sums take over all c ‰ 0 which are multiples of a fixed primitive class c0.
Theorem 7.7. Conjecture 7.5 holds for K3-gerbes and
VWtwc (S) = vw
tw
c (S).
Proof. Since
P twc (m) = (´1)h
0(KS) rP twc (m)
we have from Proposition 7.6,
1´
ÿ
cPNc0
P twc (m)q
c = exp

´ ÿ
cPNc0
PK,twc (m)q
c


= 1+
ÿ
ℓě1
1
ℓ!
¨
ÿ
c1,¨¨¨ ,cℓPNc0
ℓź
i=1
(
´PK,twci (m)qci
)
.
So we have
(7.2.2) ´P twc (m) =
ÿ
ℓě1,(ci=δic)
ℓ
i=1ř
ℓ
i=1=1
(´1)ℓ
ℓ!
ℓź
i=1
PK,twci (m)
Comparing with (7.1.9) before, we have
PK,twc (m) = ´(´1)χ(c(m))χ(c(m)) vwtwc (S)
and VWtwc (S) = vw
tw
c (S). 
7.3. Higher rank SU(r)/Zr-Vafa-Witten invariants for K3 surfaces. In this section
we calculate the SU(r)/Zr-Vafa-Witten invariants for a K3 surface S defined in
Definition 1.2.
7.3.1. Trivial µr-gerbe. LetS0 Ñ S be a trivial gerbe over a K3 surface S. Then anyS0-
twisted semistable sheaf or Higgs sheaf on S0 is a sheaf on S0, which is a pullback
from a semistable sheaf or Higgs sheaf on S. Therefore from [28, Proposition 6.8], The
moduli stack N ss,twS0 (r,O, c2) of S0-twisted semistable Higgs sheaves is isomorphic
to the moduli stack N ssS (r,O, c2) of Gieseker semistable Higgs sheaves on S. Then
the twisted Vafa-Witten invariants are the same the Vafa-Witten invariants in [57].
From [57, Theorem 5.24], we have:
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Theorem 7.8. ([57, Theorem 5.24]) Let
Zr,0(S0, SU(r); q) =
ÿ
c2
VWtwr,0,c2(S0)q
c2
be the generating function of the twisted Vafa-Witten invariants for the trivial gerbeS0 Ñ S
to a K3 surface S. Then
(7.3.1) Zr,0(S0, SU(r); q) =
ÿ
d|r
d
r2
d´1ÿ
j=0
G(e
2πij
d q
r
d2 )
where G(q) := η(q)´24 and η(q) = q
1
24
ś
ką0(1´ qk) is the Dedekind eta function.
7.3.2. Non trivial essentially trivial µr-gerbes. Let Sess Ñ S be a non trivial essentially
trivial µr-gerbe over a K3 surface S corresponding to a nontrivial line bundle L P
Pic(S). Then we list [28, Proposition 6.9]:
Proposition 7.9. ([28, Proposition 6.9]) Let p : Sess Ñ S be a non-trivial essentially
trivial µr-gerbe corresponding to the line bundle L P Pic(S), then the moduli stack
N ss,twSess (r, L, c2) of Sess-twisted Higgs sheaves on S is isomorphic to the moduli stack
N ss,tw,L
_
S (r,O, c2) of L
_-twisted Higgs sheaves on S.
Then the moduli stack N ss,tw,L
_
S (r,O, c2) of L
_-twisted Higgs sheaves on S
is isomorphic to the moduli stack N ss,twS (r, L
_, c2) of semistable Higgs sheaves.
The twisted Vafa-Witten invariants VWtw(Sess) are the same as the Vafa-Witten
invariants VWr,L,c2(S) of Tanaka-Thomas [57]. We let gess P H2(S, µr) representing
this line bundle L by the exact sequence:
¨ ¨ ¨ Ñ H1(S,O˚S)Ñ H2(S, µr) Ñ H2(S,O˚S)Ñ ¨ ¨ ¨
We write this data as:
c = (r, gess, c2).
Let s := |gess| be the order of gess in H2(S, µr). Then we say k|c if and only if k|r, k|s
and k|c2. The twisted Vafa-Witten invariants
VWtwc (Sess) = VWc(S)
where VWc(S) is the Vafa-Witten invariants in [57]. So this invariant VWc(S) is just
the invariant J(c) on X, and by the general multiple cover formula for K3 surfaces in
[62]:
VWtwc (Sess) =
ÿ
d|c,dě1
1
d2
χ(Hilb1´
1
2χ(c/d,c/d))
We calculate:
1´ 1
2
χ(c/d, c/d) =
s2
2d2
(1´ r
d
) +
r
d
(
c2
d
´ r
d
) + 1.
Now we fix (r, gess) and let
dgess := gcd(r, s) ě 1.
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We write:
r = dgess ¨ r; s = dgess ¨ s.
If we have a d|dgess , then we let
dgess = d ¨ dgess ; r = d ¨ dgess ¨ r; s = d ¨ dgess ¨ s.
We calculate:
Zr,gess(Sess; q) =
ÿ
c2
VWtwc (Sess)q
c2
=
ÿ
d|dgess
dě1,dPZě1
1
d2
ÿ
c2/d
χ
(
Hilb
s2
2d2
(1´ rd )+
r
d (
c2
d ´
r
d )+1(S)
)
qc2
=
ÿ
d|dgess
dě1,dPZě1
1
d2
ÿ
c2/d=mPZ
χ
(
Hilb
s2
2d2
(1´ rd )+
r
d (m´
r
d )+1(S)
)
qmd
=
ÿ
d|dgess
dě1,dPZě1
1
d2
ÿ
m´r/d=nPZ
χ
(
Hilb
s2
2d2
(1´ rd )+
r
dn+1(S)
)
qnd+r
=
ÿ
d|dgess
dě1,dPZě1
1
d2
ÿ
nPZ
χ
(
Hilbn¨r¨dgess+1+
1
2d
2
gess s
2(1´dgess ¨r)(S)
)
qnd+r
We first calculate
qr ¨
ÿ
nPZ
χ
(
Hilbn¨r¨dgess+1+✸(S)
)
q
n¨
dgess
dgess
where ✸ := 12d
2
gesss
2(1´ dgess ¨ r). We have:
ÿ
nPZ
χ
(
Hilbn¨r¨dgess+1+✸(S)
) (
q
dgess
r¨d
2
gess
)n¨r¨dgess
=
(
q
dgess
r¨d
2
gess
)´✸
¨ 1
rdgess
rdgess´1ÿ
m=0
G
(
e
2πim
rdgess q
dgess
r¨d
2
gess
)
We finally get:
Theorem 7.10. We have:
Zr,gess(Sess; q) =
ÿ
d|dgess
dě1,dPZě1
qr ¨ dgess
dgess
¨ 1
r
¨
rdgess´1ÿ
m=0
G
(
e
2πim
rdgess q
dgess
r¨d
2
gess
)
.
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Remark 7.11. If r is a prime number, then for any (r, gess, c2), dgess = 1, dgess = 1, and
r = r, then we have:
Zr,gess(Sess; q) = q
r ¨ 1
r
¨
r´1ÿ
m=0
G
(
e
2πim
r q
1
r
)
.
7.3.3. Non essentially trivial µr-gerbes. LetSÑ S be a non essentially trivial µr-gerbe
and let gopt P H2(S, µr) be its class. Suppose that
oopt := |ϕ(Sopt)| = |α|
is the order in H2(S,O˚S)tor. Then oopt|r. The gerbe Sopt Ñ S has a decomposition
SÑ Sopt pÝÑ S
where the first map is a trivial µ r
oopt
-gerbe and the second map p is an optimal µoopt-
gerbe over S. So in this case we are dealing with rank r semistable Higgs twisted
sheaves for the optimal gerbe p : Sopt Ñ S. Note that if oopt = r, then p : S Ñ S is
an optimal µr-gerbe. In the next we just take Sopt Ñ S as an optimal µoopt-gerbe.
From [28, Theorem 6.13] (which also holds for higher rank case), the moduli stack
N s,twSopt(r,O, c2) of stable Sopt-twisted Higgs sheaves on Sopt is a µopt-gerbe over the
moduli stack N
s,(P,G)
Sopt
(r, 0, c2) of stable Yoshioka Higgs sheaves. In the semistable
case we define in §7.2,
VWtwc (Sopt) = vw
tw
c (Sopt) = JS
tw(c)
for c = (r, 0, c2), where c2 P 1ooptZ. Since the invariant JS
tw(c) is defined by ǫω,X(c)
which is virtually indecomposable, and this invariant is defined in the category
Cohtwπ (X), it also defines the invariants JS(X,α)(c) in the twisted category Coh
tw
π (X, α),
with only a µopt-gerbe structure. Also the invariants JS
tw(c) are defined using
the Behrend function on the moduli stacks. From [57, Proposition 5.9] (the proof
works for twisted Higgs sheaves), the Behrend function is always ´1. Therefore
the invariants JStw(c) are the same as the invariants J(c) and by the multiple cover
formula for twisted K3 surfaces in (6.4.1):
VWtwc (Sopt) =
ÿ
d|c,dě1
1
oopt
¨ 1
d2
χ(Hilb1´
1
2χ(c/d,c/d)(S))
We calculate:
1´ 1
2
χ(c/d, c/d) =
r
d
(
c2
d
´ r
d
) + 1.
Since the minimal rank for a X-twisted sheaf is oopt, in the above formula the
decomposition of the semistable coherent sheaves have minimal summand rank at
least oopt. We let
r = r ¨ oopt.
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Then we consider all d such that (d ¨ oopt)|r. Therefore we have:
Zr,O(Sopt; q) =
ÿ
c2P
1
oopt
Z
VWtwc (Sopt)q
c2
=
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
ÿ
c2
χ(Hilb1´
1
2χ(c/d,c/d)(S))qc2
=
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
ÿ
c2
d
χ(Hilb
r
d (
c2
d ´
r
d )+1(S))qc2
We let
r = d ¨ oopt ¨ d.
Also if we let v = (r, 0,´b) be the Mukai vector, where b = koopt , we have c2 = b+ r
and k P dZ. We calculate:
c2
d
=
k ¨ d
r
+ oopt ¨ d,
and
r
d
(
c2
d
´ r
d
) + 1 =
k ¨ d2 ¨ oopt
r
+ 1.
So we haveÿ
c2
d
χ(Hilb
r
d (
c2
d ´
r
d )+1(S))qc2 =
ÿ
k
oopt
P doopt
Z
χ(Hilb
k¨d
2
¨oopt
r +1(S))q
k
oopt
+r
=
ÿ
kPdZ
k=dm,mPZ
χ(Hilb
m¨d¨d
2
¨oopt
r +1(S))q
md
oopt
+r
=
ÿ
mPZ
χ(Hilbm¨d+1(S))q
mr
d¨o2opt
+r
= qr ¨
ÿ
mPZ
χ(Hilbm¨d+1(S))
(
q
r
d
2
¨o2opt
)md
= qr ¨ 1
d
d´1ÿ
j=0
G
(
e
2πij
d ¨ q
r
d
2
¨o2opt
)
.
So we obtain:
Theorem 7.12. We have:
Zr,O(Sopt; q) =
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
qr ¨ 1
d
d´1ÿ
j=0
G
(
e
2πij
d ¨ q
r
d
2
¨o2opt
)
.
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Remark 7.13. If r is a prime number, then for any (r, 0, c2), oopt = r, d = 1 and d = 1,
then we have:
Zr,O(Sopt; q) = q
r ¨ 1
r
¨ G
(
q
1
r
)
.
Then from the definition of SU(r)/Zr-Vafa-Witten invariants for a K3 surface S,
we have:
Theorem 7.14. Let S be a smooth K3 surface. Then we have
Zr,O(S, SU(r)/Zr ; q) = q
r ¨
ÿ
d|r
d
r2
d´1ÿ
j=0
G(e
2πij
d q
r
d2 )
+
ÿ
gessPH
2(S,µr)
gess algebraic
ÿ
d|dgess
dě1,dPZě1
qr ¨ dgess
dgess
¨ 1
r
¨
rdgess´1ÿ
m=0
G
(
e
2πim
rdgess q
dgess
r¨d
2
gess
)
+
ÿ
goptPH
2(S,µr)
gopt non-algebraic
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
qr ¨ 1
d
d´1ÿ
j=0
G
(
e
2πij
d ¨ q
r
d
2
¨o2opt
)
.
Proof. This is from calculations in Theorem 7.8, Theorem 7.10, and Theorem 7.12. 
Remark 7.15. If r is a prime number, from Remark 7.11, Remark 7.13, and Tanaka-Thomas’s
calculation, we have:
Zr,O(S, SU(r)/Zr ; q) =
1
r2
qrG(qr) + qr
(
r21G(q
1
r ) + rρ(S)´1
(
r´1ÿ
m=1
G
(
e
2πim
r q
1
r
)))
since there are rρ(S) algebraic classes in H2(S, µr), and r22 ´ rρ(S) number of non-algebraic
classes, where ρ(S) is the Picard number of S. This is exactly the formula (6.36) in [28].
7.4. Vafa-Witten’s conjecture. In this section we provide a generalization of Vafa-
Witten’s prediction of K3 surfaces for higher ranks. In [28, §6.7], the author proved
the Vafa-Witten S-duality for K3 surfaces in the prime rank case. We use the same
method to prove the higher rank for K3 surfaces.
Recall that the twisted Vafa-Witten invariant of an optimal µoopt-gerbe (bymultiple
cover formula):
VWtwc (Sopt) =
ÿ
d|c,dě1
1
oopt
¨ 1
d2
χ(Hilb1´
1
2χ(c/d,c/d)(S))
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Then for any oopt-th root of unity e
2πi soopt (0 ď s ă oopt ´ 1), we define
Zr,O(Sopt, (e
2πis
oopt )oopt ¨ q)
:=
ÿ
c2P
1
oopt
Z
vwtwv (Sopt)(e
2πi soopt )ooptc2qc2
=
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
χ(Hilb1´
1
2χ(c/d,c/d)(S))
(
e
2πi soopt
) d¨oopt
d (
k
oopt
+r)
q
k
oopt
+r
where c2 = b+ r and b =
k
oopt
for k P Z. Then:
Lemma 7.16. LetSopt Ñ S be a µr-gerbe such that its class ϕ[Sopt] P H2(S,O˚S)tor in the
cohomological Brauer group is oopt and oopt|r. Then we have
Zr,O(Sopt, (e
2πis
oopt )oopt ¨ q) =
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
qr ¨ 1
d
d´1ÿ
j=0
G
(
e
2πij
d ¨
(
e
2πis
oopt
)
¨ q
r
d
2
¨o2opt
)
.
Proof. We follow the same calculation in Theorem 7.12.
Zr,O(Sopt; (e
2πis
oopt )oopt ¨ q)
=
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
ÿ
c2
χ(Hilb1´
1
2χ(c/d,c/d)(S))
(
e
2πi soopt
) d¨oopt
d (
k
oopt
+r)
q
k
oopt
+r
=
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
ÿ
k
oopt
P doopt
Z
χ(Hilb
k¨d
2
¨oopt
r +1(S))(e
2πi soopt )
d(k+r¨oopt)
d q
k
oopt
+r
=
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
ÿ
kPdZ
k=dm,mPZ
χ(Hilb
m¨d¨d
2
¨oopt
r +1(S))(e
2πi soopt )mdq
md
oopt
+r
=
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
ÿ
mPZ
χ(Hilbm¨d+1(S))(e
2πi soopt )mdq
mr
d¨o2opt
+r
=
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
qr ¨
ÿ
mPZ
χ(Hilbm¨d+1(S))
(
(e
2πi soopt )q
r
d
2
¨o2opt
)md
=
ÿ
(d¨oopt)|r
1
oopt
¨ 1
d2
qr ¨ 1
d
d´1ÿ
j=0
G
(
e
2πij
d ¨ (e2πi
s
oopt ) ¨ q
r
d
2
¨o2opt
)
.

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From the above calculation, we only pick up terms in the above sum in Lemma
7.16, which are: d ¨ oopt = r such that d = roopt , and d = 1; and d ¨ oopt = e|r such that
d = re , and d ą 1. We all pick up the term j = 0 in 0 ď j ď d´ 1.
Definition 7.17. For a g P H2(S, µr) such that |g| = oopt|r and oopt ‰ r, we define:
Z
1
r,O(Sopt; (e
2πis
oopt )oopt ¨ q) :=
ÿ
(d¨oopt)|r,r=d¨oopt¨d
dě1,dą1
1
oopt
¨ 1
d2
qr ¨ 1
d
G
(
(e
2πi soopt ) ¨ q
r
d
2
¨o2opt
)
.
For g P H2(S, µr) such that |g| = oopt = r, we define:
Z
1
r,O(Sopt; (e
2πis
oopt )oopt ¨ q) := 1
oopt
¨ qr ¨G
(
(e
2πi soopt ) ¨ q
r
o2opt
)
.
Let Zr,0(q) denote the Tanaka-Thomas partition function for S with rank r and
trivial determinant O.
Theorem 7.18. Let S be a smooth complex K3 surface. For a positive integer r, we define
Z1r,O(S, SU(r)/Zr ; q)
:= Zr,0(q) +
ÿ
oopt|r,oopt‰1
ÿ
0‰gPH2(S,µoopt)
oopt´1ÿ
m=0
e
πi
oopt´1
oopt
mg2
Z1r,O(Sopt, (e
2πim
oopt )oopt ¨ q)
We call it the partition function of SU(r)/Zr -Vafa-Witten invariants, and we have:
Z
1
r,O(S, SU(r)/Zr ; q) =
[
qr ¨ 1
r2
G(qr)
]
+ qr ¨ r21 ¨G(q 1r ) + qr ¨ r10 ¨
r´1ÿ
m=1
G
(
e2πi
m
r ¨ q 1r
)
+
ÿ
d|r
d‰1,d‰r
[
qr ¨
(
r21
d21
)
¨ 1
d2
¨G
(
q
r
o2opt
) ]
+
ÿ
e|r
e‰1,e‰r
[ ÿ
m|(m,e)=dą1
qr ¨ o10opt ¨
1
d2
¨ 1
d
¨ G
(
e
2πi soopt q
d
d¨oopt
) ]
+
ÿ
m|(m,r)=dą1
qr ¨
( r
d
)10 ¨ 1
d2
¨ G
(
e
2πi soopt q
r
o2opt
)
This generalizes the prediction of Vafa-Witten in [67, §4] to the gauge group SU(r)/Zr for
nonprime integers r.
Proof. First Tanaka-Thomas partition function is:
Zr,0(q) = q
r ¨
ÿ
e|r
e
r2
e´1ÿ
j=0
G(e
2πij
e q
r
e2 ).
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From Lemma 7.16 and Definition 7.17, we calculate:
Z1r,O(S, SU(r)/Zr ; q) = q
r ¨ 1
r2
¨ G(qr) +
ÿ
e|r
e‰1,e‰r
e
r2
e´1ÿ
j=0
G(e
2πij
e q
r
e2 ) + qr ¨ 1
r
¨
r´1ÿ
j=0
G(e
2πij
r q
1
r )
(7.4.1)
+
ÿ
0‰gPH2(S,µr)
|g|=oopt
oopt|r,oopt‰r
oopt´1ÿ
s=0
e
πi
oopt´1
oopt
sg2
[ ÿ
(d¨oopt)|r,r=d¨oopt¨d
dě1,dą1
1
oopt
¨ 1
d2
qr ¨ 1
d
G
(
(e
2πi soopt ) ¨ q
r
d
2
¨o2opt
)]
+
ÿ
0‰gPH2(S,µr)
|g|=r
r´1ÿ
s=0
eπi
r´1
r sg
2
[1
r
¨ qr ¨ G
(
(e2πi
s
r ) ¨ q 1r
) ]
.
We rewrite it as:
Z1r,O(S, SU(r)/Zr ; q) = q
r ¨ 1
r2
¨ G(qr)
(7.4.2)
+ qr ¨ 1
r
¨
r´1ÿ
j=0
G(e
2πij
r q
1
r ) +
ÿ
0‰gPH2(S,µr)
|g|=r
r´1ÿ
s=0
eπi
r´1
r sg
2
[1
r
¨ qr ¨G
(
(e2πi
s
r ) ¨ q 1r
) ]
+
ÿ
e|r
e‰1,e‰r
e
r2
d´1ÿ
j=0
G(e
2πij
e q
r
e2 ) +
ÿ
0‰gPH2(S,µr)
|g|=oopt
oopt|r,oopt‰r
oopt´1ÿ
s=0
e
πi
oopt´1
oopt
sg2
[ ÿ
(d¨oopt)|r,d=1
1
oopt
¨ 1
d2
qr ¨G
(
(e
2πi soopt ) ¨ q
r
o2opt
)
+
ÿ
(d¨oopt)|r,dą1
1
oopt
¨ 1
d2
qr ¨ 1
d
G
(
(e
2πi soopt ) ¨ q
r
d
2
¨o2opt
) ]
.
where in the third line above the sum
ř
(d¨oopt)|r,d=1
actually contains only one term,
i.e., the term d such that d ¨ oopt = r.
We need to prove that the sum in (7.4.2) is the same as
Z
1
r,O(S, SU(r)/Zr ; q) =
[
qr ¨ 1
r2
G(qr)
]
+ qr ¨ r21 ¨G(q 1r ) + qr ¨ r10 ¨
r´1ÿ
m=1
G
(
e2πi
m
r ¨ q 1r
)(7.4.3)
+
ÿ
d|r
d‰1,d‰r
d¨oopt=r
[
qr ¨
(
o21opt
)
¨ 1
d2
¨G
(
q
r
o2opt
) ]
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+
ÿ
e|r
e‰1,e‰r
[ ÿ
m|(m,e)=dą1
d¨oopt=e
qr ¨ o10opt ¨
1
d2
¨ 1
d
¨ G
(
e
2πi soopt q
d
d¨oopt
) ]
+
ÿ
m|(m,r)=dą1
qr ¨
( r
d
)10
¨ 1
d2
¨ G
(
e
2πi soopt q
r
o2opt
)
One can easily check that the term qr ¨ 1
r2
¨ G(qr) in both (7.4.2) and (7.4.3) matches.
Then we look at the term involving qr ¨ 1r ¨
řr´1
m=0 G(e
2πim
r q
1
r ) in (7.4.3) and
(7.4.4) qr ¨ 1
r
¨
r´1ÿ
s=0
G(e
2πis
r q
1
r ) +
ÿ
0‰gPH2(S,µr)
|g|=r
r´1ÿ
s=0
eπi
r´1
r sg
2
[1
r
¨ qr ¨G
(
(e2πi
s
r ) ¨ q 1r
) ]
in (7.4.2). It is easy to see that when s = 0, the above sum gives r21qrG(q
1
r ) which
matches the corresponding term in (7.4.3). When s ‰ 0, we haveÿ
gPH2(S,µr)
|g|=r
eπi
r´1
r sg
2
= (ǫ(s))22r11
where ǫ(s) =
(
s/2
r
)
if s is even; and ǫ(s) =
(
(s+r)/2
r
)
if s is odd. The number
(
a
r
)
is
the Legendre symbols which is 1 if a( mod r) is a perfect square, and ´1 otherwise.
Thus (ǫ(s))22 = 1. Therefore the term (7.4.4) gives qr ¨ r10 ¨řr´1m=1 G (e2πimr ¨ q 1r )which
also matches the corresponding term in (7.4.3).
Next we need to show that the last two lines in (7.4.2) match the last three lines in
(7.4.3). First we show
(7.4.5)ÿ
e|r
e‰1,e‰r
e
r2
d´1ÿ
j=0
G(e
2πij
e q
r
e2 )+
ÿ
0‰gPH2(S,µr)
|g|=oopt
oopt|r,oopt‰r
oopt´1ÿ
s=0
e
πi
oopt´1
oopt
sg2 ÿ
(d¨oopt)=r
1
oopt
¨ 1
d2
qr ¨G
(
(e
2πi soopt ) ¨ q
r
o2opt
)
in (7.4.2) is the same as
(7.4.6)ÿ
d|r
d‰1,d‰r
d¨oopt=r
[
qr ¨
(
o21opt
)
¨ 1
d2
¨ G
(
q
r
o2opt
) ]
+
ÿ
m|(m,r)=dą1
qr ¨
( r
d
)10
¨ 1
d2
¨ G
(
e
2πi soopt q
r
o2opt
)
in (7.4.3). This is done by replacingÿ
e|r
e‰1,e‰r
e
r2
d´1ÿ
j=0
G(e
2πij
e q
r
e2 )
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by ÿ
oopt|r
oopt‰1,oopt‰r
oopt
r2
oopt´1ÿ
s=0
G(e
2πis
oopt q
r
o2opt ).
Then when s = 0, (7.4.5) givesÿ
d|r
d‰1,d‰r
[
qr ¨
(
o21opt
)
¨ 1
d2
¨G
(
q
r
o2opt
) ]
which is the same as the one in (7.4.6). When s ‰ 0, (7.4.5) givesÿ
oopt|r
oopt‰1,oopt‰r
[
qr ¨
(
o10opt
)
¨ 1
d2
¨
oopt´1ÿ
s=1
G
(
e
2πi soopt q
r
o2opt
) ]
since ÿ
gPH2(S,µr)
|g|=oopt
e
πi
oopt´1
oopt
sg2
= (ǫ(s))22o11opt
and (ǫ(s))22 = 1, and this is the same as the second term in (7.4.6).
It remains to check the last left terms in (7.4.2) and (7.4.3). Then we check that both
two terms give ÿ
e|r
e‰1,e‰r
[ ÿ
m|(m,e)=dą1
d¨oopt=e
qr ¨ o10opt ¨
1
d2
¨ 1
d
¨ G
(
e
2πi soopt q
d
d¨oopt
) ]
,
also because ÿ
gPH2(S,µr)
|g|=oopt
e
πi
oopt´1
oopt
sg2
= (ǫ(s))22o11opt
and (ǫ(s))22 = 1, we are done. 
7.4.1. An example. We include an example for the rank r = 4 in this section. The
Tanaka-Thomas partition function is
Z4,O(S, SU(4); q) = q
r ¨ 1
16
G(q4) + qr
1
8
(G(q) + G(´q)) + q41
4
3ÿ
m=0
G(e2πi
m
4 q
1
4 ).
In this case we calculate from Theorem 7.18 that
Z14,O(S, SU(4)/Z4; q)
= q4 ¨ 1
16
¨ G(q4) + q4 ¨ 421G(q 14 ) + q4 ¨ 410
3ÿ
m=1
G(e2πi
m
4 q
1
4 ) + q4 ¨ 221 ¨ 1
4
¨G(q) + q4 ¨ 210 ¨ 1
4
¨ G(´q).
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If from Lemma 7.16 we define
Zr,O(S, SU(r)/Zr ; q) := Zr,0(q) +
ÿ
oopt|r,oopt‰1
ÿ
0‰gPH2(S,µoopt)
oopt´1ÿ
m=0
e
πi
oopt´1
oopt
mg2
Zr,O(Sopt, (e
2πim
oopt )oopt ¨ q).
Then we calculate:
Z4,O(S, SU(4)/Z4; q) = q
4 ¨ 1
16
G(q4) + q4
1
8
(G(q) + G(´q)) + q4 ¨ 1
4
¨
3ÿ
m=0
G(e2πi
m
4 ¨ q 14 )
+
ÿ
0‰gPH2(S,µ2)
1ÿ
s=0
eπi
1
2 sg
2
[1
4
q4 ¨
[
G(e2πi
s
2 ¨ q 14 ) + G(´e2πi s2 ¨ q 14 )
]
+
1
8
¨ q4G(e2πi s2 ¨ q)
]
+
ÿ
0‰gPH2(S,µ4)
3ÿ
s=0
eπi
3
4 sg
2 1
4
q4 ¨
[
G(e2πi
s
4 ¨ q 14 )
]
= q4 ¨ 1
16
G(q4) + q4 ¨ 421 ¨G(q 14 ) + q4 ¨ 410 ¨
3ÿ
m=1
G(e2πi
m
4 q
1
4 )
+ q4 ¨ 1
8
¨ 222G(q) + q4 ¨ 1
8
¨ 211G(´q) +
ÿ
0‰gPH2(S,µ2)
1ÿ
s=0
eπi
1
2 sg
2 1
4
q4 ¨
[
G(e2πi
s
2 ¨ q 14 ) + G(´e2πi s2 ¨ q 14 )
]
.
It is seen that the partition function Z14,O(S, SU(4)/Z4; q) is part of the
partition function Z4,O(S, SU(4)/Z4; q), and Z
1
4,O(S, SU(4)/Z4; q) matches the S-
transformation formula of Tanaka-Thomas’s partition function Z4,O(S, SU(4); q) of
the Vafa-Witten invariants.
APPENDIX A. THE INVARIANTS FOR TWISTED SHEAVES ON TWISTED K3 SURFACES
In this appendix we generalize the result in [61] for comparing the counting
invariants of semistable objects and invariants of counting semistable sheaves in the
derived category of coherent sheaves on K3 surfaces to twisted K3 surfaces.
A.1. Review of stability conditions on twisted K3 surfaces.
A.1.1. Twisted K3 surfaces. Let S be a smooth projective K3 surface. Let A be an
abelian group scheme on S. An A-gerbe SÑ S is a DM stack S over S such that for
any open subset U Ă S, there exists a covering U1 Ñ U such that S(U1) ‰ H, and
any sections s, s1 P S(U) there exists U1 Ñ U such that s|U = s1|U1 . Also let (A)S
be the sheaf of abelian groups A on S, we have (A)S – IS, where IS is the inertia
stack of S.
We mainly take A = µr and C
˚. Consider the following exact sequence:
1Ñ µr Ñ C˚ (¨)
r
ÝÑ C˚ Ñ 1
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and taking cohomology:
¨ ¨ ¨ Ñ H1(S,C˚) ψÝÑ H2(S, µr) ϕÝÑ H2(S,C˚)Ñ ¨ ¨ ¨
A µr-gerbe S Ñ S is given by a class [S] P H2(S, µr), and is called “essentially
trivial” if it is in the image of the map ψ. Therefore an essentially trivial µr-gerbe
SÑ S is given by a line bundle L P Pic(S).
The cohomological Brauer group
Br1(S) = H2(S,O˚S)tor,
is by definition the torsion part of the cohomology H2(S,O˚S)tor. De Jong’s theorem
[10] implies that the Brauer group Br(S) = Br1(S), and Br(S) is the group of
isomorphism classes of Azumaya algebras A on S, see [28, Definition 2.10]. Here an
Azumaya algebra A on S is an associative (non-commutative) OS-algebra A which
is locally isomorphic to a matrix algebra Mr(OS) for some r ą 0.
Definition A.1. A µr-gerbe p : S Ñ S is called “optimal” if the period per(S), which is
defined as the order of [S] in Br1(S) = Br(S), is equal to r.
Let α := ϕ([S]) P H2(S,O˚S)tor be the class of the gerbe S in Br1(S). Then α is
called a Brauer class. A K3 surface (S, α) together with a Brauer class α is called a
twisted K3 surface in [17]. In particular an optimal µr-gerbe S Ñ S determines a
twisted K3 surface.
Remark A.2. We use the notation (S, α), for α P H2(S,O˚S)tor, or Sα (where α also
determines one class in H2(S, µr)) to represent the twisted K3 surface, where we can view
p : Sα Ñ S an optimal µr-gerbe. We may exchange the notation (S, α) and Sα arbitrarily
in the paper.
Remark A.3. Since Br1(S) = Br(S), any optimal µr-gerbe Sα Ñ S for α P H2(S, µr) Ñ
H2(S,O˚S) gives an element [P] P H1(S, PGLr), which classifies PGLr-bundles on S.
A.1.2. Bridgeland stability conditions on twisted K3 surfaces. In this section we review
the Bridgeland stability conditions on twisted K3 surfaces in [20]. Huybrechts, Macri
and Stellari [20] studied the stability condition on any generic K3 category and we
only fix to category of twisted sheaves on K3 surfaces.
For the twisted K3 surface (S, α) or Sα, we let Coh(S, α) or Coh
tw(Sα) be the
category of twisted sheaves on S or Sα. Let D
b(Coh(S, α)) or Db(Cohtw(Sα)) be
the corresponding derived category. These two categories Coh(S, α) and Cohtw(Sα)
are equivalent if we forget about the µr-gerbe structures on the twisted sheaves. We
denote by Stab(S, α) (or Stabtw(Sα)) the stability manifold. From [17], there is a
twisted Hodge structure rH(S, α,Z) = (H˚(S,Z), x, y,´ ξr), reviewed in Definition
6.6. Here ξ P H2(S,Z) is a lift of α P H2(S, µr).
Since our µr-gerbe Sα is optimal, there is a corresponding Brauer-Severi variety
p : P Ñ S, where P is a projective Pr´1-bundle over S. Then in [70], and §6.2.1 we
defined the category of P-sheaves Coh(S, P) on P which is equivalent to Coh(S, α).
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We also define the Mukai vector vG(E) for a twisted sheaf E, where the rank r vector
bundle G on P is determined by the Euler sequence
0Ñ OP Ñ G Ñ TP/S Ñ 0
Note that from Proposition 6.5 (also [70, Lemma 3.3]), if we set
(rk(E),D, a) := e
ξ
r ¨ vG(E).
Then (rk(E),D, a) P H˚(S,Z) and D mod r = ω(E), and ω(E) P H2(S, µr) is c1(E)
mod r. The Mukai vectors in [17] are of the form e
ξ
r ¨ vG(E). We work on Yoshioka’s
Mukai vectors and consider the integral structure:
T
´ ξr
((
H˚(S,Z), x, y,´ξ
r
))
in H˚(S,Q) in Definition 6.6.
Recall that in [20], Huybrechts, Macri and Stellari defined a twisted Chern
character:
ChB : K(S, α) Ñ H˚(S,Q)
as follows: Here B P H2(S,Q) is the B-field such that exp(B) = α. This is because
from
0Ñ Z Ñ OS expÝÑ O˚S Ñ 0
and H3(S,Z) = 0 we have the 0, 2-part of B maps to α P H2(S,O˚S)tor. The Chern
character map ChB : K(S, α) Ñ H˚(S,Q) satisfies:
(1) ChB is additive, i.e., ChB(E1 ‘ E2) = ChB(E1) + ChB(E2);
(2) If B = c1(L) P H2(S,Z), ChB(E) = ec1(L) ¨Ch(E);
(3) ChB1(E1) ¨ChB2(E2) = ChB1+B2(E1 b E2) for two B-fields B1, B2;
(4) Any E P K(S, α), we have ChB(E) P eB ¨ (‘p,pHp,p(S)).
This twisted Chern character ChB has the property: if B0 = k ¨ B P H2(S,Z) for some
k P Z, then
ChB(E)k = ChB0(Ebk) = eB0 ¨Ch(Ebk).
This implies that
(e´B ¨ChB(E))k = e´B0 ¨ChB(E)k = Ch(Ebk) Pà
p
Hp,p(S).
Definition A.4. We denote by c or rH(S, B,Z) the weight-two Hodge structure on
H˚(S,Z) with rH2,0(S, α) := exp(B)(H2,0(S))
and rH1,1(S) its orthogonal complement (with respect to the Mukai pairing).
Then the twisted Chern character:
ChB : Db(S, α) Ñ rH(S, α,Z)
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can be extended to the derived category. Let NS(S, α) := rH1,1(S, α,Z) be the twisted
Ne´ron-Severi group. Then N (Db(S, α)) = NS(S, α), where N (Db(S, α)) is the
numerical Grothendieck group and the isomorphism is identified by ChB.
Following [20],
Definition A.5. Let P(S, α) Ă NS(S, α)bC be the open subset ofNS(S, α)bC consisting
of elements ϕ such that the real part and imaginary part of ϕ generate a positive plane in
NS(S, α)bR.
Let B0 P H2(S,Q) be a B-field lift of α, that is: exp(B0) = α. Then for any real
ample class ω P H1,1(S,Z)bR, we let
ϕ = eb0+iω = 1+ (B0 + iω) +
(B20 ´ω2)
2
+ i(B0 ¨ω) P NS(S, α)bC.
The subset P(S, α) Ă NS(S, α) b C has two connected components and we shall
denote the one that contains ϕ = exp(B0+ iω) by P
+(S, α) and P+(S, α) Ă P(S, α) Ă
NS(S, α)bC. Also π1(P+(S, α)) – Z. If B1 P NS(S)bQ, and B = B1 + B0, we have
ϕ = eB+iω = exp(B1) ¨ exp(B0 + iω) P NS(S, α)bC
and ϕ P P+(S, α). Now for ϕ P P+(S, α), recall for any twisted sheaf E on S, we can
define the slope as:
µ(E) =
c1(E) ¨ω
rk(E)
which defines the geometric slope semistability. For a torsion free twisted sheaf E,
let
0 = E0 Ă E1 Ă ¨ ¨ ¨ Ă Em´1 Ă Em = E
be the Harder-Narasimhan filtration, where Ei/Ei+1 = Fi is µω-semistable and
µ(Fi) ą µ(Fi+1). Defne T Ă Coh(S, α) to be the subcategory consisting of twisted
sheaves whose torsion free part has µ´ω-semistable Harder-Narasimhan factors of
slope µω(Fi) ą B ¨ω (or ImZϕ(Fi) ą 0). A nontrivial twisted sheaf E is an object in
F Ă Coh(S, α) if E is torsion free and µω(Fi) ď B ¨ω (or ImZϕ(Fi) ď 0). Then (T ,F )
is a torsion pair on Coh(S, α) and let
A(ϕ) :=
$&%E P Db(Coh(S, α))
ˇˇˇˇ
ˇˇ ‚H
i(E) = 0 for i R t´1, 0u
‚H´1(E) P F
‚H0(E) P T
,.-
Then from [20, Lemma 3.4], let ϕ = eB+iω, the induced homomorphism
Zϕ : A(ϕ) Ñ C
is a stability function on A(ϕ) if and only if for any spherical twisted sheaf E P
Coh(S, α), Zϕ(E) R Rď0.
Proposition A.6. ([20, Proposition 3.6]) The pair (Zϕ,A(ϕ)) defines a stability condition
on Db(Coh(S, α)).
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Then let Stab˝(S, α) Ă Stab(S, α) be the connected component of Stab(S, α) that
contains the stability conditions described above. Also [20, Proposition 3.8] proved
that if σ = (Z , P) is contained in a connected component of maximal dimension
Stab˝(S, α), and for any closed point x P S, the skyscraper sheaf k(x) is σ-stable of
phase one with Z(k(x)) = ´1. Then there exists ϕ = exp(B+ iω) P P+(S, α) such
that the heart of σ is A(ϕ).
For any ϕ = B+ iω P P+(S, α), we can calculate (see [20, Lemma 3.4])
Zϕ : A(ϕ) Ñ C
If vG(E) = (r, l, s) for r ą 0, then
(A.1.1) Zϕ(E) =
1
2r
(
(l2 ´ 2rs) + r2ω2 ´ (l ´ rB)2
)
+ (ω ¨ l ´ r(ω ¨ B) i
Also for r = 0,
(A.1.2) Zϕ(E) = (´s+ l ¨ B) + (l ¨ω) i
which is the same as in [61, Formula (31)].
Let V Ă Stab˝(S, α) be the open subset in Stab(S, α) such that it consists of all
stability conditions σϕ for ϕ = B + iω P P+(S, α). Then V satisfies the following
properties:
‚ For any σϕ P Stab˝(S, α), there exists Φ P Auteq(Db(S, α)) and g P ĂGL+(2,R)
such that g ˝Φ(σϕ) is also algebraic and is contained in V , see [20, Remark 3.9].
Now we also introduce the geometric twisted Gieseker stability. We follow [61,
§4.2] and let L,M P Pic(S) be two line bundles, and L is ample. Define for any
E P Coh(S, α), the twisted Hilbert polynomial:
χg(EbM´1bLn) =
dÿ
i=0
ain
i
for ai P Q, ad ‰ 0. Let ω = c1(L), β = c1(M) and the twisted reduced Hilbert
polynomial is:
(A.1.3) p(E, β,ω, n) =
χg(EbM´1bLn)
ad
If vG(E) = (rk, l, s) for rk ą 0, we can calculate using the definition of geometric
Hilbert polynomial, see [28, Proposition 3.21], (A.1.3) is:
(A.1.4) r ¨
[
n2 +
2ω(l ´ rk ¨β)
rk ¨ω2 n´
(l2 ´ 2 rk s´ (l ´ rk ¨β)2)
rk ¨ω2
]
and when rk = 0, l ‰ 0, (A.1.3) is:
(A.1.5) r ¨
[
n+
(s´ β ¨ l)
l ¨ω
]
These formula are the same as [61, Formula (28), (29)] up to a factor r due to the
gerbe structure. The twisted geometric stability of E can be similarly defined. The
following lemma is based on [61, Lemma 4.6].
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Lemma A.7. We have:
(1) Let E P Db(S, α) be simple, then vG(E)2 ě ´2.
(2) For any ϕ = B+ iω, m P Rą0, the number
#tvα P NS(S, α)|v2α ě ´2, |xexp(ϕ), vα ď m|
is finite.
(3) Let E P N (S, α), and vα(E) = (0, l, s) P NS˚(S, α), l ‰ 0, then
p(E, β,ω, n) = n´ ReZϕ(E)
ImZϕ(E)
P Q[n].
(4) Let E, E1 P NS(S, α), p(E, β,ω, n) = p(E1, β,ω, n) if and only if Im Zϕk (E
1)
Zϕk (E)
= 0
for infinitely many k P Q, where ϕk = B+ ikω.
Proof. (1) is from [70, Proposition 3.6], where Yoshioka proves it for twisted sheaves,
but the same argument as in [7, Lemma 5.1] works for derived simple object by Serre
duality. (2) just come from [7, Lemma 8.2], which works for twisted sheaves on K3,
since there are finitely many integral points in N (S, α)bR. (3) and (4) are from the
above calculations (A.1.4) and (A.1.5). 
A.2. The moduli stack counting semistable objects. We list some boundedness of
semistable objects following [61, §4.5]. The boundedness results are used to show
that the moduli stack Mc
σ(β,ω)
(S, α) with topological invariant c is an Artin stack of
finite type. Since for now, that the moduli stack of Bridgeland semistable objects is
an Artin stack is a well-known fact, we only need the boundedness results to prove
our later results we interested in.
Let E P A(ϕ) be an object. Set H0(E)tor Ă H0(E) to be the maximal torsion
subsheaf of H0(E), and
H0(E)free = H
0(E)/H0(E)tor .
We take Toda’s notations:
T1, ¨ ¨ ¨ , Ta(E) P Coh(S, α)
F1, ¨ ¨ ¨ , Fd(E), Fd(E)+1, ¨ ¨ ¨ , Fe(E) P Coh(S, α)
represent the µω-stable factors of H
0(E)free and H
´1(E) respectively. Let
Ta(E)+1, ¨ ¨ ¨ , Tb(E), Tb(E)+1, ¨ ¨ ¨ , Tc(E) P Coh(S, α)
be the ϕ = B+ iω-twisted stable factors of H0(E)tor . Set
dim(Ti) = 2 (1 ď i ď a(E));
dim(Ti) = 1 (a(E) ă i ď b(E));
dim(Ti) = 0 (b(E) ă i ď c(E));
ImZϕ(Fi [1]) ą 0 (1 ď i ď d(E)));
ImZϕ(Fi [1]) = 0 (d(E) ă i ď e(E))).
Define for c P N (S, α),
Mc(ϕ = (β,ω)) = tE P A(ϕ)| ImZϕ(E) ď ImZϕ(c)u.
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The following results are from [61, Lemma 4.8, Lemma 4.9] which works for twisted
sheaves.
Lemma A.8. The mapsMc(ϕ) Ñ Z given by E ÞÑ b(E) and E ÞÑ d(E) are bounded, and
the sets
tImZϕ(Ti) P Q|1 ď i ď c(E), E PMc(ϕ = (β,ω))u
and
tImZϕ(Fi [1]) P Q|1 ď i ď e(E), E PMc(ϕ = (β,ω))u
are finite sets.
Lemma A.9. There exist constants C,C1,N (depending only on c, B, ω), such that
1
k
ReZϕk(Ti) ě ReZϕ(Ti) ě C; (1 ď i ď a(E))
and
1
k
ReZϕk(Fi [1]) ě ReZϕ(Fi [1]) ě C1; 1 ď i ď e(E)
for any E PMc(ϕ) and k ě N, where ϕk = B+ ikω.
A.3. Counting twisted semistable objects and twisted semistable sheaves. Let
H(A(ϕ)) be the Hall algebra of the category A(ϕ). One can define Bridgeland
stabilityZϕk and define the counting invariants N(v)which count semistable twisted
objects with Mukai vector v, see Definition 6.11.
We also mimic the definition of invariants J(v) for X to define the invariants
counting semistable twisted sheaves. Let Λ := Q(q
1
2 ) be a Q-algebra, and
γ : K(Var)Ñ Λ
be the motivic invariants defined by Poincare´ polynomial. Fixing a numerical
invariant c P N (S, α), letMtwω (c) Ă xM(A(ϕ)) be the stack of ω-Gieseker semistable
twisted sheaves of numerical invariant c. Then there exists an element
δω,Sα(c) = [M
tw
ω (c) Ñ xM(A(ϕ))]
in the Hall algebra H(ASα) = H(Coh(S, α)). Define
ǫω,Sα(c) =
ÿ
ℓě1,c1+¨¨¨+cℓ=c,
p(ci,ω,n)=p(c,ω,n)
(´1)ℓ´1
ℓ
δω,Sα(c1) ‹ ¨ ¨ ¨ ‹ δω,Sα(cℓ)
Let
C(S, α) := Im(Coh(S, α) Ñ N (S, α)).
If c P C(S, α), define
J(c) = lim
q
1
2Ñ1
(q´ 1)Pq(ǫω,Sα(c)).
If ´c P C(S, α), define
J(c) = J(´c).
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The invariant J(c) does not depend on the choice of ω. Our aim is to compare J(c)
with the invariant N(c) counting semistable objects in A(ϕ). For this purpose, we
let $’&’%
ϕk = B+ ikω;
A(ϕk) = A(ϕ);
σk = (Zϕk ,A(ϕ)).
Let us fix a c = (rk, l, s) P H˚(S,Q). We first have a generalization of [61, Proposition
6.4].
Proposition A.10. Assume that ω ¨ l ą 0 or rk = l = 0. Let us choose 0 ă φk ď 1 such
that Zϕk(c) P Rą0eiπφk . Then there exists a N ą 0 such that for all k ě N, and c1 satisfying
c
1 P Cσk(φk); | ImZϕ(c1)| ď | ImZϕ(c)|,
then any E P M(c1,φk)(σk) (which is σk-semistable with (c1, φk)) is ω-Gieseker semistable as
a coherent sheaf.
Proof. In the case rk = l = 0, any object E P Aω of numerical invariant c is a zero
dimensional sheaf, so must be a semistable sheaf. Now let ω ¨ l ą 0. From the
formula of Zϕ(E) in (A.1.1) and (A.1.2), when rk ą 0, the phase φk Ñ 0(k Ñ 8), and
when rk = 0, φk Ñ 12(k Ñ 8). Therefore there exists N ą 0 such that φk ď 34 for
all k ě N. Let E P M(c1,φk)(σk) and c1 satisfies the condition the the proposition, we
have
φk(H
´1(E)[1]) ď φk ď
3
4
.
Look at
E ÞÑ ReZϕk(H
´1(E)[1])
ImZϕk(H
´1(E)[1])
=
1
2 rk(l
2 ´ 2 rk s+ rk2 k2ω2 ´ (l ´ rk B)2)
(kω ¨ l)´ rk(kω ¨ B)
=
ReZϕk(H
´1(E)[1])
k ¨ ImZϕ(H´1(E)[1]) .
On the moduli spaces
Ť
kěN,c1 M
(c1,φk)(σk) which is bounded below, we have E P
Mc(ϕ) since | ImZϕ(E)| ď | ImZϕ(c)|. Then the map E ÞÑ ImZϕ(E) on Mc(ϕ) is
bounded by Lemma A.8. Therefore the map
E ÞÑ 1
k
ReZϕk(H
´1(E)[1])
on
Ť
kěN,c1 M
(c1,φk)(σk) is bounded below. So by Lemma A.9,
E ÞÑ ReZϕ(H´1(E)[1])
is bounded below on
Ť
kěN,c1 M
(c1,φk)(σk). Then this imples ([61, Lemma 4.10]) that
the set $&%vα(H´1(E)[1]) P NS˚(S, α)|E P ď
kěN,c1
M(c
1,φk)(σk)
,.-
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is a finite set. If we let tv1, ¨ ¨ ¨ , vnu be this set. Then limkÑ8 φk(vi) = 1, so we can
make φk(vi) ą 34 for k ě N for some N ą 0. This implies that E P M(c
1,φk)(σk) has
that H´1(E) = 0 meaning that E is a coherent sheaf.
The next step is to follow [61, Proposition 6.4] to show that E is actually a Gieseker
semistable twisted sheaf. If not, then let T be the ω-Gieseker semistable factor of E
of smallest reduced geometric Hilbert polynomial. Let
vα(E) = ((rk)
1, l1, s1); vα(T) = ((rk)
2, l2, s2).
If (rk)1 = 0 which implies that (rk)2 = 0, then from (3) in Lemma A.7, E is Gieseker
twisted semistable. So we assume that (rk)1 ą 0, (rk)2 ą 0. In this case φk Ñ
0(k Ñ 8), we have E Ñ T is surjective and since E is σk-semistable for k ě N,
φk(E) ď φk(T). So we have
(A.3.1)
ReZϕk(E)
ImZϕk(E)
ě ReZϕk(T)
ImZϕk(T)
.
We calculate above as:
(A.3.2)
ωl2 ´ (rk)2ωB
ωl1 ´ (rk)1ωB
(
´s1 + 1
2
(rk)1k2ω2 + l1B´ 1
2
(rk)1B2
)
ě ´s2+ 1
2
(rk)2k2ω2+ l2B´ 1
2
(rk)2B2.
We also have from the Mukai vector property:
(A.3.3) 0 ă (rk)2 ă (rk)1, 0 ă ωl2 ď ωl1, (l2)2 ´ 2(rk)2s2 ě ´2.
Then (A.3.2) and (A.3.3) imply that the set$&%vα(T) P NS˚(S, α)|E P ď
kěN,c1
M(c
1,φk)(σk)
,.-
is a finite set. Therefore the set$&%vα(Etor) P NS˚(S, α)|E P ď
kěN,c1
M(c
1,φk)(σk)
,.-
is a finite set. Assume that this set is:
tv11, ¨ ¨ ¨ , v1mu.
Then φk(v
1
i) Ñ 12 when k Ñ 8. So φk(v1i) ą φk for all 1 ď i ď m and k ě N after
replacing N if necessary. Hence for k ě N, E P M(c1,φk)(σk) must be torsion free. By
definition of T,
µω(E) ą µω(T)
or
µω(E) = µω(T),
s1
(rk)1
´ l
1B
(rk)1
ą s
2
(rk)2
´ l
2B
(rk)2
,
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since we can calculate
Zϕk(E)
(rk)1
´ Zϕk(T)
(rk)2
= ´
(
s1
(rk)1
´ s
2
(rk)2
)
+
(
l1B
(rk)1
´ l
2B
(rk)2
)
+ ik(µω(E)´ µω(T)).
Therefore replacing N if necessary, we have φk(E) ą φk(T) for k ě N. This N is
only determined by the numerical class of T, and the finiteness of vα(T) can make
this N uniformly such that φk(E) ą φk(T) for k ě N, which contradicts E is σk-
semistable. 
Next we have a similar result as in [61, Lemma 6.5].
Lemma A.11. If ω ¨ l ą 0 or rk = l = 0, then there exists a N ą 0 such that for k ě N,
and c1 P C(S, α),
(A.3.4) p(c1,ω, n) = p(c,ω, n)
then any Gieseker semistable twisted sheaf E of numerical type c1 is σk-semistable.
Proof. First the set c1 P C(S, α) satisfying (A.3.4) is finite. So we take c = c1. The
case of rk = l = 0 is obvious. For the case rk ą 0,ω ¨ l ą 0, the smooth surface
case is proved in [7, Proposition 14.2]. Since the twisted stability in [20] is similar to
the construction of Bridgeland, the proof of [7, Proposition 14.2] works for twisted
sheaves.
For the case rk = 0, l ‰ 0, E is ω-Gieseker semistable. In this case φk Ñ 12 when
k Ñ8. Then Toda’s proof in [61, Lemma 6.5] works in this case. 
We show:
Theorem A.12. For c P C(S, α), we have
Nσ(c) = J(c)
and Nσ(c) does not depend on the stability condition σ.
Proof. First for the category of twisted sheaves Coh(S, α), the K-theory [70]
K(Coh(S, α)) = Q[E0]‘ Kď1(Coh(S, α))
where E0 is the minimal rank rk ą 0 (in this case is r) of Sα-twisted locally free
sheaves. So tensoring with E0 gives an equivalence on K(Coh(S, α)) and hence on
the derived category Db(S, α), thus the derived equivalence result of [61, Corollary
5.26] implies that:
N(cb E0) = N(c); J(cb E0) = J(c).
Thus we can assume that ω ¨ l ą 0, or rk = l = 0. We follow Toda to show that:
Nσk(c) = Jω(c)
and N is chosen before as in Proposition A.10. Let c1, ¨ ¨ ¨ , cm P Cσk(φk) be such that
c1 + ¨ ¨ ¨+ cm = c;
mź
i=1
Nσk(ci) ‰ 0.
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Here we consider σk P B˝ as an open set such thatB˝ = B is compact in the stability
manifold. There exists a wall and chamber structure tWγuγPΓ on B with property:
S := tE P Db(S, α)|E is semistable for some σ1 = (Z 1, P1) P B; |Z 1(E)| ď |Z 1(c)|u.
S is a bounded mass, which means there exists m ą 0 such that mσ(E) ď M for any
E P S , where mσ(E) =
řn
i=1 |Z(Ai)| for
0 = E0 // E1 //
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
E2 //
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
// ¨ ¨ ¨ ¨ ¨ ¨ En = E
yytt
tt
tt
tt
tt
A1
cc●●●●●●●●●
A2
``❆❆❆❆❆❆❆❆
An
``❇❇❇❇❇❇❇❇❇
So this means that there exists Γ1 Ă Γ and a connected component C such that
C Ă
č
γPΓ1
(B XWγ)z
ď
γRΓ1
Wγ.
Infinitely many σk1 for k
1 P QěN are contained in C. Then σk P C. If ci and cj are not
proportional in N (S, α), then
Im
Zϕk1 (cj)
Zϕk1 (ci)
= 0
for infinitely many k1 P QěN. Therefore from Lemma A.7 (4),
p(ci,ω, n) = p(cj,ω, n) = p(c,ω, n)
for i, j. Therefore from Lemma A.11,
(A.3.5) M(ci,φk)(σk) = M
ci(ω)
and
śm
i=1 Nσk(ci) =
śm
i=1 Jω(ci).
On the other hand, if c1, ¨ ¨ ¨ , cm P C(S, α) such that
śm
i=1 Jω(ci) ‰ 0 and c1 + ¨ ¨ ¨+
cm = c, p(ci,ω, n) = p(c,ω, n), (A.3.5) still holds for k ě N by Proposition A.10
and Lemma A.11 above. Hence
śm
i=1 Nσk(ci) =
śm
i=1 Jω(ci). Also ci P Cσk(φk) so
Jω(c) = Nσk(c). That Nσk(c) does not depend on σk is just from a former argument
or [61, Proposition 5.17]. 
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